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Preface 


Functions of a Complex Variable forms a sequel to Complex 
Numbers by Walter Ledermann. It contains an elementary 
introduction to complex differential and integral calculus. 

Part I is mainly concerned with differential calculus. However 
certain results in the theory (for example Taylor’s series) 
are best proved by the use of integral calculus and so contour 
integration is introduced at an early stage. The complex 
analogue of the Fundamental Theorem of Calculus (which 
exhibits integration and differentiation as inverse operations) 
is discussed and this gives a natural approach to Cauchy’s 
Theorem. This in turn yields a proof of Taylor’s Theorem and 
a number of remarkable corollaries. For example one result 
states that if a complex function is assumed differentiable just 
once everywhere in its domain of definition, then all the higher 
derivatives automatically exist. 

Part II contains applications of the theory, including 
conformal mappings, harmonic functions, calculation of 
integrals by residues, together with a description of analytic 
continuation and Riemann surfaces. 

The main difficulties encountered in the text concern the 
theory of curves, since the sophisticated techniques (com- 
pactness, winding number etc.) which are necessary to deal 
with arbitrary curves are too technical for a book of this nature. 
Where difficulties occur, they are clearly stated. The general 
theory is illustrated by examples and each chapter ends with a 
set of exercises for the reader. 

I should like to thank my colleagues Professor Walter 
Ledermann and Dr. Alan Weir for reading the manuscript 
and making many helpful suggestions and improvements in 
the text. 


The University of Warwick DAVID TALL 
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CHAPTER ONE 


Differentiation 


1. Preliminaries 


We begin with an informal discussion on functions as a 
prelude to more precise assumptions which will be explained 
in the next section. 

The notion of a function of a complex variable is intuitively 
very clear. Given a complex number z, there is defined uniquely 
another complex number f(z). This is usually given by a 
formula, for example f(z) = z? or f(z) = é. 

We also wish to consider such formulae as f(z) = 1/z or the 
power series f(z) = 1+z+z?...to give functions. These 
differ from the preceding examples in that they are not defined 
for every value of z. The formula f(z) = 1/z is not defined for 
z = 0 and the power series is not convergent (and hence the 
sum is not defined) for |z|>1. However they have in common 
with f(z) = z? and f(z) = e* the property that, for any given 
value of z, if f(z) is defined then f(z) is unique. This is not so for 
the expression z* which has two values for z40 or for log z 
whicht has many values for z#0. Such expressions are some- 
times called ‘many-valued functions’ and they will be considered 
separately later. In the remainder of the text a function will 
always be assumed to be single-valued wherever it is defined. 

If we write z = x+iy where x, y are real and f(z) = u+iv 
where wu, v are real, then u, v are real functions of x, y. For 
this reason we write f(z) = u(x, y)+iv(x, y) to illustrate that 
u, v depend on x, y. 


+ W. Ledermann, Complex Numbers, in this series, p. 57. 
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DIFFERENTIATION 


EXAMPLE 1. If f(z) = z?, then f(z) = (x+iy)? 
= x?—y?+2ixy and so u(x, y) = x?—y?, v(x, y) = 2xy. 


EXAMPLE 2. If f(z) = e, thent f(z) = e*t” 
= e* (cosy +i sin y) and so u(x, y) = e* cos y, v(x, y) = e* siny. 


2. The Domain of Definition of a Function 


As we have seen, we wish to consider functions which are not 
defined everywhere. The set of complex numbers where a 
function is defined will be called the domain of definition. We 
wish to put certain restrictions on this set and these ideas are 
discussed in this section. It is convenient to consider the situa- 
tion pictorially by identifying complex numbers with points 
in the plane. 

If Z) is a complex number, the e-neighbourhood of Zp is the 
set of all points z such that |z—z)|<e where « is a given positive 
real number. 

In figure 1, the e-neighbourhood of Zp is the set of points in the 
shaded disc not including the boundary. 


Figure 1 


7 W. Ledermann, Complex Numbers, in this series, p. 56. 
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THE DOMAIN OF DEFINITION OF A FUNCTION 


A set S of points in the complex plane is said to be open if 
every point z) in S has an e-neighbournood which consists 
entirely of points of S. For example the set C of points such 
that |z| < lis open, forif zp isin C, let |z)| = 1— 8 where0<8<1, 
then the e-neighbourhood of z) where 0<e<65 lies completely 
in C. 


WS 


NS N 
SS 


Figure 2 


A stepwise curve in the plane is a polygonal curve, all of whose 
straight segments are parallel either to the real or imaginary 
axis. 

A set S of points in the complex plane is said to be connected 
if any two points in S may be joined by a stepwise curve which 
lies entirely in S. 

The shaded area in figure 3 is connected where z,, z, are typical 
points. 


Remark. The reader is perfectly justified in asking why we 
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Figure 3 


use a stepwise curve in the definition. The answer is simple; it 
is because it is the most useful (see Theorem 5.1. below). 
Actually if the set concerned is open, then it can be proved that 
any type of curve will do in the definition. 

A (non-empty) connected open set is called a domaint. For 
example the set given by |z|<1 (figure 2) is a domain. Other 
examples are given by the whole plane or the whole plane with 
a finite number of points missing. 


Fundamental assumption. A complex function will always 
be assumed to be defined on a domain. This is called the domain 
of definition of the function concerned. Thus a function of a 
complex variable will be a rule which assigns to each complex 
number z in the domain of definition a unique complex number 
F(Z). 

This rule is usually given by a ‘formula’ such as e’ or 1/z and, 
in common with the usual practice, we will often refer to the 
function by this formula. 


t Some texts use the word ‘region’ instead of ‘domain’. 
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THE DOMAIN OF DEFINITION OF A FUNCTION 
Examples of functions are 


(i) e”, defined for all z, 
(ii) 1/z, defined for z40, 
(iii) 1+z+z7+ ..., defined for |z| <1. 


As we have remarked, log z is not a function in the sense that 
it is not single-valued. We recall that 


log z = log |z|+i (arg z+27k) 


where log |z| is the usual real logarithm, —7<arg z<a and 
k is an integert. We can consider log z to be a function in 
the following manner: let the ‘cut-plane’ consist of the complex 
plane with the negative real axis (including zero) removed: 


WW 
GG 


Figure 4 


Now choose a fixed value of k and then log z is a single- 
valued function in the cut-plane. For example the principal 
value given by k = 0, 


Log z = log |z|+i arg z 
where now —7< arg z<7. 


t W. Ledermann, Complex Numbers, p. 57. 
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Note that the cut-plane is a domain, so now log z is a function 
according to our definition. 

In a similar manner we can consider z? to be a function in the 
cut-plane. Write z = re“ where —7<0<r7 in the cut-plane, 
then choose the value z* = r*e*. This is a function and it is 
usually referred to as the principal value. On the positive real 
axis where 0 = 0, it reduces to the positive square root r*. The 
other value z* = rte‘#°**) is also a function in the cut-plane. 
On the positive real axis, it reduces to r*e" = —r*, the negative 
square root. 

As a further example of a function defined in the cut-plane, 
we define the principal value of z* to be e**°8* where « is any 
complex constant. Since Log z is uniquely defined in the cut- 
plane, z* is well-defined, for example the principal value of 
i} = eibosi — eii(n/2) — e~*/2, For an integer n we have e" 8? 
= (e'°87)" = 2" which coincides with the usual definition. For 
a = 4,z = re" where —7<0<z, then et 8? = etlosr+ti0 — 
rte*® which corresponds to the principal value of z* as defined 
above. 

Why do we insist a function is defined on a domain? Why 
not just on an arbitrary set? The reason will become apparent 
as we progress. Roughly speaking, when we discuss continuity 
or differentiation of a complex function at a point zp), we would 
like the function to be defined near Zp (i.e. in some e-neigh- 
bourhood) and so require the region of definition to be open. 
The reason for connectedness is more subtle. It pays dividends 
when the function concerned is differentiable. If the function 
were defined on a set which consisted of several disjoint parts, 
the function could ‘behave quite differently’ on each piece. For 
example we could have f(z) = z for |z|<1, f(z) = e* for |z|>2 
and not defined for 1<|z|<2. However if the set where the 
function is defined is a domain (in particular connected) and 
the function is differentiable, then this imposes quite strict 
conditions on it. Indeed, it can be shown that if we know the 
values of the function on part of the domain, it is determined 
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everywhere! We leave a precise statement and proof of this 
remarkable result until Chapter III, but mention it to justify 
the introduction of a “domain of definition’. 

Pictorially it is impossible to represent a complex function 
completely and we cannot draw a graph. This is because a 
complex number is represented as a point in two-dimensional 
real space. So we would need two dimensions to represent the 
values of z and two for f(z), making a total of four. Since we 
have only two-dimensional paper at our disposal, the best we 
can do is imagine two complex planes and as z moves about in 
the first, f(z) moves about in the second. Of course the only 
values of z for which f(z) is defined are those in the domain of 
definition so we could illustrate this by drawing the domain of 
definition in the first plane (denoted by D and shaded): 


Figure 5 


3. Limits and Continuity 


The definitions of these concepts for complex functions are 
the same as in the real casey. Hence the reader familiar with the 
real case should find no difficulty. 


DEFINITION 3.1. We say that f(z) tends to the limit / as z 


t P. J. Hilton, Differential Calculus, this series, pp. 10, 11. 
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tends to Zp if the distance from f(z) to / remains as small as 
we please so long as z remains sufficiently near to Zo, while 
remaining distinct from Zp. 

We write f(z)—/ as zz, or lim f(z) = /. Of course the 


distance from f(z) to / is | f(z)—/| and saying z is sufficiently 
near to Z) means that |z—2Zp| is sufficiently small. So definition 
3.1 could be phrased in terms of real numbers by defining 
f(z)->l as zz, to mean | f(z)—/|->0 as |z—Z|->0. In precise 
terms, given e>0 (no matter how small), we can always find 
&8>0 (where 5 may depend on e) such that 0<|z—z,|<6 
implies | f(z)—/|<e. 

We make the usual remark that lim f(z) = / does not mean 


the same as f(z)) = /. The value of (zo) is irrelevant in deter- 
mining the limit because we have expressly stated in definition 
3.1. that z remains distinct from Zp, in defining the limit. It 
is not even mis 08 for f(Zo) to be defined, for example 


lim anes = | but © = is not defined for z = 0. 


z—0 


We have the usuai rules for limits: 


RULES. If f(z)->/ and g(z)—>k as z—Zp, then as zz, we have 


(i) f(z) +g(2)>!+k, 
(ii) f(z)—g(2)>!-k, 
(iii) f(2)g(z)>/k, 
(iv) if kK 40, f(z)/g(z)>l/k. 
These results can either be proved from first principles as in 


the real case, or by resolving each complex number into its 
real and imaginary parts and arguing as for limits of sequencesf. 


DEFINITION 3.2. We say f(z) is continuous at Zp if f(Z9) 
is defined and lim f(z) exists and equals f(Zp). 


zZ—>Zo 
¢ W. Ledermann, Complex Numbers, p. 47. 
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For example f(z) = |z| is continuous everywhere. This is 
because 0<||z|—|Zo||<|z—Zo|, so if z is close to zo, |z—Zp| is 
small and |f(z)—f(Zo)| = ||z|—|Zo|| is small or even smaller. 
This shows that f(z)—>/(zo) as z—>Zp. 

If we have a continuous function, we can imagine the situa- 
tion pictorially, for if we consider a point z which approaches 
Zo, then the image f(z) approaches f(z9). 


— Pm —@ f(Zo) 


Figure 6 


Continuity of a complex function isnomore involved than the 
real case. Using rule (i) for limits, we see that if f(z) and g(z) are 
continuous at Zo, then as z—>Zp, we have f(z) + g(z)—>-f(Zo) + 2(Zo) 
showing f(z) + g(z) is continuous at Zo. Similarly the difference, 
product and quotient of continuous functions are continuous. 

Also if g(z) is continuous at z) and f(w) is continuous at 
Wo = g(Zo), then f(g(z)) is continuous at Zp. This is because 
Z—>Zo implies g(z)—>g(Zo) = Wo and so f(g(z))—>-f (Wo) = f(g(Zo)). 

We can reduce the theory of continuity of a complex function 
to continuity of real functions of two real variables. Suppose 
w =u+iv, where u, v are real, then we first observe that ww, is 
equivalent to u->up, vv, both together. To see this, note that 


0<|u—uo| <./ {(u—up)? +(v— 09)? } = |w—wo| 


and so |u—wo| is never greater than |w—wo|. If w—wo then 
|w—Wwo|->0 implying |u—uo|—>0 and so u—upo. Similarly v—>vo. 
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Conversely if both u->u, and v->vp, then 
|w—wo| = / {(u—up)? + (v— 09)? }0 


and so w->w. Using this fact we may prove: 


THEOREM 3.1. If f(z) = u(x, y)+iv(x, y) then the complex 
function f(z) is continuous at Z7) = X9+iyo if and only if the 
real functions u(x, y), v(x, y) are continuous at (X9, yo). 

Proof. (i) Suppose f(z) is continuous at Zz) = x9+iyo. 
If x->xq and y—>yp then zz, by the above remark and so by 
continuity of f(z), we have f(z)—>(zo). Now apply the remark 
again to w = f(z) = u(x, y)+iv(x, y) then w>wo = u(Xxo, Yo) 
+iv(Xo, Yo) and so u(x, y)—>u(Xo, Yo), v(x, ¥)—>v(Xo, Yo). This 
shows that u(x, y) and v(x, y) are continuous. 

(ii) Conversely, suppose u(x, y) and v(x, y) are continuous 
at (Xo, Yo). If z—zo, then both x-»x9 and yy implying 
u(x, y)>u(Xo, Yo) and v(x, y)—>v(Xo, Yo) by continuity. This gives 


u(x, y) +iv(x, y)—>u(Xo, Yo) + iv(Xo, Yo) 
that is to say f(z)—>f(z,.) and so f(z) is continuous. 


EXAMPLE I. arg z is continuous in the cut-plane. 

This is a basic result that we will need later and it is quite 
tricky to prove. The method we give uses a theorem from real 
variable theoryf. 

Suppose that t = h(#) («< @<f) is a real-valued monotonic 
strictly increasing function where h(«) = a, h(8) = b, then we 
may solve this to find @ in terms of t, @ = g(t) (a<t<b). 
Furthermore, if h is continuous, then so is g. For example 


t = sin@ (-$< 0<5) is such a function, taking every value 
in —1<t<1 and so @ = sin~‘t is well-defined and continuous 


t Scott & Tims, Mathematical Analysis, Cambridge University Press, p. 
217. 
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; yy Siem Sith ty Cesta 
for —1<1r<1, taking values in Ti <sin tS, ; 


First consider the domain given by x>0. 


pees | (Srna. Lene 
Here arg z = sin ( 2 


7 7 y 

where we choose 5<sin Jee +y) <5 ’ 
But ,/(x?+ 7) = |z| is continuous and non-zero for x>0, 
hence y/|z| is a continuous function of x, y for x>0. Thus 
sin~ *(y/|z|) is a continuous function of a continuous function 
and hence continuous. This shows that arg z is continuous in 
the domain x>0. 

Similarly we may show that arg z is continuous for y>0 by 


1 


x 
considering arg z = cos ‘| ——~——~ ]} where we choose 
eu Teas) 


x : " 
0<cos~ "| ——;—x }<z. (Note that cos is monotonic de- 
V(x? +y’) 
creasing here.) Finally arg z is continuous for y<0 where we 


1 


x ity, , 
have arg z = cos” ores , this time choosing 


—n<cos! WEF <0. The three domains x>0, y>0, 

y <0 together cover the cut-plane and the result is proved. 
EXAMPLE 2. Log z is continuous in the cut-plane. 

This follows from example 1 and theorem 3.1 because Log z = 

log |z|+i arg z. Note that the real part log |z| = log (x? +-y?)# 


is continuous for (x, y)#(0, 0) and the imaginary part is 
continuous in the cut-plane. This gives the required result. 


4. Differentiation 


As with limits and continuity, differentiation of a complex 
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function is defined in the same way as the real case.f (Notice 
however that the derivative is no longer the gradient of a graph 
because we cannot draw the graph of a complex function.) 


DEFINITION 4.1. The derivative at z) of the function f(z) 
is 
f'@) om lim2 —f (Zo) f 
z+zo 2-2 


If we make a change of variable z—z) = h we also have 


tim? (Zo+ ” —fZo) 


f'@o) = 
EXAMPLE. f(z) = 2? 
S'(Z) = tim Go "Y= #0" _ = lim (2z) +h) = 22. 
h-0 


Often we use the alternative notation w = f(z) and - = f(z). 


Of course f’(z)) may not exist. As a trivial example, if 
f@) = Oand f(z) = 1 for z40, then f’(0) does not exist. For 
h #0, OL" 
h—0. We now show that a differentiable function is neces- 
sarily continuous (thus we may infer that a discontinuous 
function cannot be differentiable). 


1 ; DANS Le 
= h and this does not tend to a finite limit as 


THEOREM 4.1. If f(z) is differentiable at z), then f(z) is 
continuous at Zo. 


Proof. lim (f(2)—fle9)) = lim i ) Sf eee We 


Zz 
ffl 2 =f 0) lim (z—Z ) by the rule for limits 


ie 0 z—>Z9 


TP. 2: Pato eam Calculus, p. 12. 
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= f'(Zo).0 
= 0. 


So ha f(z) = (Zo) and f(z) is continuous at Zo. 
We may “verify the usual rules for differentiation as in the real 
casey: 
RULES. 
(i) £ (Aft@)+ Bale) = Af’(z)+Bg'(z) where A, B are 
(complex) constants. 


Gi) £U@e@ = 102 O+F Oe) 
Gii) © (f@le@) = © #@)-S@) 8° Oe) if e@) #0 
(iv) £ fle@) = f(g) 8°. 


d 
EXAMPLE. If n is an integer, rs (z") = nz"~!, 
h)— 
Proof by induction. For n = 1, @ (z) = lim ust. = | 
dz h—+0 h 
and so the formula is true. 


. d EN ee d 
Assume it for n, then = (""") = iz (z"z) 
| @ 29 e 
= Zz z Dt+Z© )z by (ii) 


= z"4+nz""1z 
= (n+1)z" and so the formula is true for n+1 and by 
induction true for all positive integers. 
Using (i) and (iv), we may calculate the derivative of a rational 
+ P. J. Hilton, Differential Calculus, pp. 16-19. 
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Si ag ts) on: il 
function —————_———_ 
baz +... +do 


oa5 “ iS (z+1). (7+2)-(@+ NS ray} [er42) 
= (z?+2—2z?—2z)/(z? +2)? 
= (2—2z—z")/(z? +2)? 
A rational function is differentiable wherever it is defined 
(i.e. whenever 5,,z"+ .... + b9%0). 


in the same way, for example 


DEFINITION 4.2. A function of a complex variable is said 
to be analyticf if it is differentiable everywhere in its domain of 
definition. 

For example rational functions are analytic. 


5. The Cauchy-Riemann Equations 


We now come across the first property that distinguishes the 
complex theory from the real. When calculating f’(z)) = 
him £20) -L@) 
zz 2-Zo 

Let us calculate f’(zy) in two distinct ways: 


, we may let z approach Zp in any fashion. 


(i) Let Zo = Xp tivo, Z = Xot+h+iyo where h is real, and 


write f(z) = u(x, y)+iv(x, y) then f’(zo) = lim <i 
z+7Z0 “£0 


ag (fe +h)+iyo)—f(xo+ ail 
h-0O h 

Bye ja +h, Yo) +iv(xo +h, Yo) — u(Xo; Yo) — iv(Xo, sa 
h—+0 h 

is a = +h, Yo) —u(Xo, Yo) + i(v(Xo +h, Yo) — (Xo, ” 
h—>0 h h 


t Some texts use the word ‘regular’ instead of ‘analytic’. 
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~ ax ax" 
(it) Let 29 = Xo +iyo, Z = Xo +i(o +k) where k is real, then 
as Z—>Zy, we have k->0 and so 
fo) 
m2 Df 0) 
zz, 2Z—-Zo 
| IS (Xo +i(¥o + kK) —f(Xo +i Vo) 
mn 
k—+0 ik 
lim U(Xo, Vo tk) +iv(Xo, Yo+k)—ulxo, Yo) —iv(Xo, Yo) 
k—+0 ik 
i fs {re Yotk)—v(xo, Yo) _ i(u(Xo, Vo +k) —u(Xo, za 
k—0 k k 


Since f’(Z9) is uniquely defined no matter how we let z approach 
Zo, We must have 


Comparing real and imaginary parts, we find that 
dus Ovsov ou 
ax dy’ Oxy 
These are called the Cauchy-Riemann equations which hold 


for differentiable complex functions. They give a simple way of 
asserting a function is not differentiable. 


EXAMPLE. f(z) = |z|. Here u(x, y) = \/(x?+y?), o(x, y) = 0, 
giving: 


bx JOP +y)’ By ~ JOP + yA’ Ox Gy 
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Hence if either x40 or yO, at least one of the equations 


é av @ a 
Se abla oe — Fy does not hold. If both x = 0 and y = 0, 
Oe (OR ae 
¥ ou 0 
then substituting in oi by — we get 0 - Returning to first principles 
du . uk, 0)—u(0, 0) , Jk? 
iain ie gk te ee 
‘ (0, 0) - i resem 
Ik] 
= lim — 
k—>0 k 
Since 
Val 1 fork>0 
k= \-lfork< o. 
anh \k| j éu : 
the limit of i as k-0 does not exist and so ax 0) is not 


a 
defined. Similarly = 0, 0) does not exist and the Cauchy- 


Riemann equations cannot hold at the origin. 

Thus f(z) = |z| is not differentiable anywhere but it is con- 
tinuous everywhere! 

The reader who may be upset by this seemingly unnatural 
state of affairs may be consoled by the fact that as well as z”, the 
standard functions, e”, cos z, sin z etc. are all analytic. As a 
possible proof of this fact we might use the Cauchy-Riemann 
equations. This meets with a small obstacle. 

If f(z) = u(x, y)+iv(x, y) is a complex function such that the 
du dv Ou dv 
partial derivatives OR’ exist and satisfy the 
Cauchy-Riemann equations, then f(z) need not be differen- 
tiable. For example the (rather synthetic) function given by 
f(z) = 1ifx = 0ory = 0, but f(z) = 0 otherwise satisfies the 
Cauchy-Riemann equations at the origin (all partial derivatives 
are zero) but it is not differentiable there because it is not even 
continuous. 
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al 
However if the partial derivatives — Ox” Ox’ ay’ ay 


satisfy the Cauchy-Riemann equations and are all continuous, 
then we can infer that the function is differentiable. The proof 
of this fact will be omitted since we will not use the result later. 
However, as an example of its possible use, consider f(z) = 
e? = e**” = e* cos y+ie” sin y. 


* ov av a 
— = Cos Si 5 Ss a IES 
ox | - Oy Ox if oy 
and all the partial derivatives are continuous, so by the above 
remark, e’ is differentiable with derivative 
on On ee Ve 


u 
Beas oa Ft = e* cos y+ie* sin y = e”. 
d(e’*) 


Thus we have verified the equation mee e*, already 
well-known in its real form. In the next section we will demon- 
strate this in a different way using the power series expansion 
for e”. 

We close this section with the following: 


THEOREM 5.1. If f(z) is a function of a complex variable 
defined on a domain D, then f’(z) = 0 for all z in D implies 
F(z) is constant. 

Remark. If f’(z) = 0 and the function were defined on a set 
that was not connected, this theorem need not be true. The 
function could be constant on each connected piece, but the 
constants need not be the same. For example on the set 
|z|<1 or |z|>2, define f(z) = 0 for |z|<1 and f(z) = 1 for 
|z|>2 then f’(z) = 0, but f(z) is not constant. 

Proof of theorem. If f(z) = 0 then 


du dv dv du 


DIFFERENTIATION 


implying 


cat 


é 
Now = = Oi.e. = (X, Yo) = 0 for fixed yo. From real variable 


theoryf we have u(x, yo) = constant (since u(x, yo) is a real 
function of the real variable x). This means u(x, y) is constant 
along any horizontal line segment y = yo (= constant) in the 


domain of definition. Similarly = = 0 implies that u(x, y) is 


constant along any vertical line segment x = x» (= constant) in 
the domain of definition. Also from ~ = - = 0 we reach 
the same conclusions for v(x, y). Hence f(z) = u(x, y)+iv(x, y) 
is constant along each horizontal or vertical segment in the 
domain of definition. 

But a domain is connected, (here comes the full force of the 
definition), and any two points z,, z, in the domain of definition 
may be joined by a stepwise curve which lies entirely in the 
domain (refer back to figure 3). Since f(z) is constant along 
each segment of this curve, we must have f(z,) = /(z2). Since 
Z,, Z2 are arbitrary points in the domain, f(z) is constant. 


6. Power Series 


We assume the reader has already met the idea of a power 
series 
Cotes ZtCgz7 + 2... $O,2"+.... 


where z is a complex variable and co, c,, cz, . . . are fixed 
complex numbers}. We recall that either there is a positive 
number R (called the radius of convergence) such that the series 


+ P. J. Hilton, Differential Calculus, p. 37. 
} W. Ledermann, Complex Numbers, p. 49. 
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converges absolutely for |z|< R and diverges for |z| > R, or the 
series converges absolutely for all z (in which case we formally 
write R = 00)f. Thus in our terminology the power series is a 
function with domain |z|< R. 


EXAMPLE (i). 1+z+z7+..... +z"+.... has radius of 
convergence R = 1, and for |z| <1, we have 
l+z+z7+....¢27+.... =(1—z)74. 


EXAMPLES eahetk all have infinite radius of convergence. 


its 145 Bei) Da orga Ce 
Oe grog 
(iii) sin z = ae Th 7 ree 
2 24 
(iv) cosz = 1— Stam eae 


It has already been noted that inside the circle of convergence 
power series may be manipulated in much the same way as 
polynomials}. For example two power series may be added 
term by term. The same is true of differentiation. A power 
series may be differentiated term by term inside the circle of 
convergence and if f(z) = cgo+c,z+Coz7 +... +¢,2"+... for 
|z|<.R, then f(z) = c,+2c,z+ ... +nce,2z"-1+ ... for 
|z|<.R. A proof of this result is somewhat technical and may be 
found in Appendix I. Note that a power series is differentiable 
everywhere in its domain of definition and so it is an analytic 
function. 


EXAMPLE (i). f(z) = 1+z+z7+.. +2"+.. |z/<1, 
then f(z) = 14+2z+....... tnz"~*+.. |z/<1. 


t W. Ledermann, Complex Numbers, p. 50. 
¢ W. Ledermann, Complex Numbers, p. 51. 
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Since f(z) = (1—z)~? in this case, differentiating we have 
f'(2) = (1—2)~? and so 


(l—z)-? = 14+2z+ ... ¢n2"~'+... |z|<1. 


z 2% z 
oe he ES dy Cite aie hath 


niin’ $-! aT 


payee 
Roe ise 
(iii) sin z = al ae a a alent 


et 
oF (sin z) = cos z. 
a NROD ‘ 
Similarly (iv) = (cos z) = —sin z. 


EXAMPLE (v). Since w = Logz is defined by the equation 

u dw 1 ' 
z = e”, we can use this to show gay The function w = Logz 
is continuous in the cut-plane and so as z—>Zp, we have ww. 


dw mv Log z— Log Zp 
dz zZ—>Z9 A ars Zo 


e” —e”o)~ 1 
= ‘lim 
w—>Wo W—Wo 


= 1/2 
= l/e” 
= 1/z. 
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EXAMPLE (vi). £ (z*) = az*~! in the cut-plane. 
This is because z* = e*'°8* = f(g(z)) where f(w) = e”, 
g(z) = « Log z and so £(@) = f'(g(z))g'(z) = e* ments = 


ze = at}, 
Zz 
Notice that the derivative of a power series is again a power 
series with the same domain of definition. This means we can 
differentiate it again, indeed we can differentiate it as many 
times as we like, so that if 


S(Z)= CoteyZ+e2z* +0327 + 2... HeyZ™+ 2... 
then 
f'(2) = €,4+20227+3c32z7 +4e429+ .... $ne,z"-1 4+... 
F"@) = 22 +6e32+12c42? +... +n(n—Mqz""? +... 
f"(2) = 6¢3+24e4z+ .... +n(n—1) (n—2)c,2z"-3 +... 
etc. 


Putting z = 0 in these equations we find f(0) = co, f’(0) = 
Cc, = Ile, f") = 2cz = 2!c,, f"(0) = 6c3 = 3!c, and in 
general (0) = n!c,. This means that by substituting these 
values in the series we may write it in its usual Taylor- 
MacLaurin form: 


S(Z) = CoteyZtcgz* + 2... OZ" + 2... 
= fs £0, 24, yey es ei 


More generally we may consider a power series centred on 
Za: 
S(2) = Ao +a;(Z—Z)+ .... +4,(2—29)"+ ... for |z—z9|<R. 
In this case we have: 
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f'(2) = a, +2a,(z—Zo) + ... +1a,(Z—Z9)"" 1+... |z—Z]|< R. 
etc. 


and we find f (zy) = n!a,. 


This gives: 
PROPOSITION 6.1. If f(z) = agta,(z—Z)+ ...~. + 
a,(Z—Zo)"+ .... for |z—Zo| < R, then fis differentiable as many 


f (Zo) 
eae 


times as we please for |z—Z)|< Randa, = 


We remark at this stage that power series seem to be very 
special. They are not only differentiable, we can differentiate 
as many times as we please. In the real theory it is possible to 
invent functions which are differentiable once, but not twice. 
(e.g. f(x) = 0 for x<0 and f(x) = x? for x20. Here f’(x) = 0 
for x<O and f’(x) = 2x for x>0. Note that f’(0) = 0 cal- 
culated from either side. However f”(0) does not exist, being 
0 calculated from the left and 2 calculated from the right.) 

It is a very pleasant (and surprising) fact that in the complex 
theory, if a function is analytic (i.e. differentiable once every- 
where in its domain of definition) then it is differentiable as 
many times as we please. We will demonstrate this fact later 
(pages 55-56). How is it proved ?—By using power series. 


EXERCISES ON CHAPTER ONE 


1. Write f(z) = u(x, y)+iv(x, y) and find u(x, y), v(x, y) in each of 
the following cases: 
(i) z2+2z (ii) 1/z(z#0)_ iii) sin z_—_ (iv) z/(e*—1) (#0) 
(v) Logzinthecut-plane (vi)|z|?_ (vii) arg zin the cut-plane. 


2. In exercise 1, differentiate (i) —(v). 
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, ; ou 2a adv 2a 

. (a) In exercise 1 (vi), calculate = , pied oi i x for (x, y)# 
ox dy Ox dy 

(0, 0). Hence show that |z|? is not differentiable for z~0. What 

happens at z = 0? (Hint: use first principles). 


PP 7) rs) a. é 
(b) In 1 (vii), calculate reais bind x ved 3 ate and hence show that 
Ox ay ax dy 


arg z is not differentiable anywhere. 

- In each of the following cases, draw a sketch of the given set and 
say if it is a domain where z is subject to the given restriction: 
(i) |z—1])<2 (ii) |z| <1 — (iii) x << — 1 or x>1 where z = x+iy 
(iv) z#t where tisrealandt<O (vy) 1 <|z| <2. 

. Suppose that fis an analytic function such that f(z) is always real. 
Use the Cauchy-Riemann equations to prove that f is constant. 


2 
. (i) Substitute w = e*? in the equation ~ +k2w = 0 (k¥0) to 
Iz 


find 41, Az such that e*1* and e*2? are solutions. Show that 
Ae” + Be? is also a solution where A, B are complex constants. 
Use the same method to find solutions for 


.. d2w 3dw .... d3w d2w 4dw 

(ii) PF aed =0 as a a = 0. 
» Use (1—z)-? = 14+22+322+ ... +nz"™-1+4 ... |z| <1 to find, by 
differentiation, a power series formula for (1—z)-4 valid for 
|z| <1. 


oo 
. Consider f(z) = 1+ > SoD eon fF 
n! 
n=1 


Prove that the series is absolutely convergent for |z| <1 and that 
f'(@) = af(@)1+2). Consider $(z) = ie and show that 
¢(z) = 0 for |z|<1. Hence conclude that f(z) = (1+z)* for 
Izp<1, 


z2 z3 24 : 

. Show f(z) = le a a se wiae is absolutely convergent for 
|z| <1 and that f(z) = (1+z)-1, 

Hence conclude that f(z) = Log (1+2z) for |z| <1. 
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CHAPTER TWO 


Integration 


1. Contours 


If 4(t), ¥(t) are continuous real functions of the real variable 
t defined in an interval «<<, the equation 
z(t) = ot) +i) («<t<B) (1) 
determines a path in the complex planet. Thus a path is a 
continuous function defined on the interval «<r<f, taking 
values in the complex plane. The initial and final points are 
z(a), 2(8) respectively and the path is said to be closed if 
z(«) = z(f). As t increases, the point z(f) traverses a curve in 
the complex plane from z(a) to z(8). 


Figure 7 


+ This is the same definition as a path in the (x, y)-plane given in 
Multiple Integrals by W. Ledermann, p. 1. 
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The set of points in the complex plane given by z(t) for 
a<t<f is called the track. Two different paths may have the 
same track, for example the paths 


z(t) = cost+isint (o<1<3) (2) 
z,(t) = ind ‘a (0<t<1) (3) 
ae ae wily 


both determine the track in figure 8: 


Figure 8 


For this reason, if we refer to a pictorial representation of a 
curve and wish to talk about the path, then we should also 
specify the function which determines it. For example we will 
choose the standard function which represents the unit circle 
as a path to be 


z(t) = cost+isint (0<t<2z). (4) 
More generally, the circle centre z), radius r will be 
z(t)=Z+re" (O<t<2z). (5) 
The line segment from z, to z, will be 
2) =2z,(l—0+z,t (Ox<tr<l). (6) 
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We sometimes refer to the path as a ‘parametrization’ of the 
track and call ¢ the ‘parameter’. 
The opposite path to (1) is the path 
Zo(t) = z(a+B—1) 
= ¢(a+B—t)+ip(a+B—t) (a<t<f). (7) 
Notice that as ft increases, z)(t) traverses the same track as 
z(t), but in the opposite sense. For example the opposite path 


to (2) is 
Zo(t) = cos (5- ei sin (5- ) 


= sin t+icost (o<+<5) (8) 


A path is said to be smooth if $’(t), ¥'(0) exist and are 
continuous for «<t<f. The paths (2)-(6) and (8) are all 
smooth. A contour is a path which consists of a finite number 
of smooth pieces. For example the following path is a contour: 


P+isin 5 ¢ (<t<1) 


DN ans (1<t<2) 


4—t+2i (2<t<3). 


Figure 9 
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A Jordan contour is a contour 
z(t) = $(t)+(t) («<t<f) 


such that t; #t, implies z(t,;)z(t,). Thus a Jordan contour has 
no self-intersections. A closed Jordan contour is a closed contour 
such that «<t,<t,<f implies z(t,)#z(t,). In this case there 
are no self-intersections other than the coincident endpoints. 
An example is given by the unit circle 


2(t) = cost+isint (0<t<2n). 


Figure 10 


The Jordan curve theorem states that a closed Jordan contour 
divides the plane into two domains, one bounded (called the 
interior) and one unbounded (the exterior). 

The reader who relies on his geometric intuition may feel that 
this result is patently obvious. For example the interior of the 
unit circle in figure 10 is certainly given by |z|<1 and the 
exterior by |z| > 1. For every particular Jordan contour we meet 
in this text, the result will be clear. However it is possible to 
draw ‘maze-like’ Jordan curves such as: 
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Figure 11 


A proof of the theorem must be written so as to include 
every possiblity which may arise and it is not surprising that this 
is very difficult. For this reason the proof is omitted. 


2. Contour Integration 


As in the real case, we wish to discuss integration of a complex 
function. There is no immediate analogue to the symbol 
S22 (2 dz where f is a complex function and z,, z, are complex 
numbers. This is because we may consider z,, z2 as points in the 
plane and the symbol {7 f(z) dz does not specify how z varies 
between z, and z,. To do this, the integral is defined along a 
contour y from z,; to z,. In general this will depend on the 
choice of y and so we use the notation f, f(z)dz. 

Note that we require f to be defined everywhere on the track 
of y. Equivalently, if f is defined in the domain D, we could 
ask that y lies in D (meaning, of course, that the track of y lies 
in D). This is to be preferred, because then we can visualize a 
picture of the domain with (the track of) y lying in it. 

First we define an integral along a smooth path. Let f be a 
continuous complex function defined in a domain D and 
suppose that y is the smooth path z(t) = x(t)+iy(t) («<t<f), 
where y lies in D. Since y is smooth, z’(t) = x’(t)+iy’(t) exists 
and is continuous for «<t<f. 
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Define 

dz 

dt 

By writing f(z) = u(x, y)+iv(xy), we have 
F (z(t) = u(x), YO) + io), YO) 


and so equation (1) becomes 
[ (Qa = [FP UM+ioM @'WO+i'Oat  @ 


i.e. f £@) dz = [* (ux’—vy’)de+i [? wy’ +0x') dt @) 


Equation (3) states that to integrate along a smooth path, 
we substitute in terms of the parameter ¢, separate into real and 
imaginary parts, and calculate two real integrals. 


B 
[10 dz = | f(@) = at (1) 


EXAMPLE 1. Integrate z? along the smooth path y given by 
2(t) = t+it?  (<t<1). 


Since z’(t) = 1+2it, we have 
i 3 ; 
, z*dz = ie (t+it?)? (1+ 2it)dt 

1 tt 

- | (2 —5t*)dt +i | ’ (41° —205)dt 

= [40°-—2°]} +i[t*-41°]5 

= #(i-—1). 

EXAMPLE 2. Integrate 1/z around the unit circle C given by 


z(t) =cost+isint (O<t<2z). 
Since z’(t) = —sin t+icos t = i(cos t+i sin ft), we have 


[Uz dz = [** (cos t+i sin 1)~! i(cos ¢+i sin 1) dt 
37 


INTEGRATION 

. [2x 

wets dt 
= ni. 

If y* is the opposite path to y, we have 
id d 
| f(@) dz = | S(z(«+B-1)) q 2 +B—8)) at. 
i a 
Put a+8—t = s, then the integral becomes 


pA d ds dt 
| fle(s)) = (29) FF ds 


ni d 
= | Flas) 5 (e(s)) ds 
B 
id d 
= I F(2(s)) az (769)) as 
i.e. | f(z) dz = — | S(z) dz. (4) 
1 Y 
Now suppose y is a contour. Then y consists of a finite 
number of smooth paths y,,..... » Yn and we define 


| f@ dz =f f@)az+ We, +f faz (5) 


EXAMPLE 3. Integrate z? along the contour y given by 


nift (0<t<1) 


[ede = ff Ptdet [* +i). iat 
v5 [40°15 +" (2—21) dt+if* (2t—1?) dt 
= $+[2¢—27] 7 +i[r? -—445]? 


= i-1). 
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Using (4), (5) we have the following rules for contour 
integration: 


RULE 1. If y is composed of two contours y;, y2, 


Figure 12 
then f, f(z) dz = f,, f(z) dz+J,, f(z) dz. 
RULE 2. If y* is the opposite contour to y, then 


f whe) dz = - f Se) de. 


The value of a contour integral is unchanged when we change 
the parameter ¢ = h(u) (a<u<b), where h(a) = a, h(b) = B, 
h is (strictly) monotonic increasing and hA’(u) is continuous for 
a<uc<b. We then have 


b 
[ sea: - [soge- [ to Ggae= [0S a 


This is analogous to the real casef, and may be used to simplify 
the calculation. 
We could consider two contours to be equivalent for the 
ft W. Ledermann, Integral Calculus, p. 12 
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purposes of integration if they are related to each other by a 
change in parameter as above. Two equivalent contours have 
the same track and are traversed in the same direction as the 
parameter increases. A particularly simple change in parameter 
is given by A(u) = mu+c where m, c are real constants and 
m>0O. This is called a linear change and evidently satisfies the 
required conditions. By a suitable linear change in parameter 
we could replace a contour by an equivalent one defined on any 
parametric interval we please. For example t = (B—«)u+a 
changes the parametric interval from a<t<BtoO0<u<l. 


3. The Fundamental Theorem 


If f is the derivative of an analytic function, then the calculation 
of f, f(z) dz is very simple indeed, for we have (analogous to 
the real case): 


THE FUNDAMENTAL THEOREM OF CONTOUR INTEGRA- 
TION. Suppose that f is a continuous function defined in the 
domain D. If fis the derivative of an analytic function F in D, 
and y is a contour in D starting at z, and ending at z,, then 


[ f@ dz = F@,)- FO). 


THE FUNDAMENTAL THEOREM 


Proof. Write f(z) = u(x, y)+iv(x, y), F(z) = U(x, y)+ 
iV(x, y) and suppose that y is given by z(t) = x(t)+iy(t) 
(a<t<f), where z(a) = z,, 2(8) = Zp. 

Since f = F’, using the Cauchy-Riemann equations for F, 
we have 


F’ = ut+iv= ox Tae, = ye 
aU OV eV aU 

andsou=—=—, v=—=-—, 
Cm) ey ox ey 


Thus 


| f(z) dz = ) (u+iv)(x’+iy’) dt 


8 BN INO i LL 
E ihe ey ‘he ax > ay? ; 


dU 0Udx éU dy 


But we havet — ae a +— are 


and so [roa = [ Saeed oat 


= F(z(8))— F(z(«)) 
= F(z,)—F(z,), as required. 


If f = F’ in D, then Fis called a primitive of fin D. A primitive 
is unique up to an additive constant, because if f = Fj, f = F 
in D, then Fj -— Fz = 0 and so F, —F, is constant in D. 

Obviously the simplest way to integrate is to look for a 


, d ; he eae 
primitive. For example z? = a (4z°) and 4z* is a primitive for 
z*, Thus if y is any contour joining 0 to 1+i, we have 


+ P. Hilton, Partial Derivatives, pp. 12, 13. 
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f. z? dz = (1+i)? = #(1-i). 


This integral has already been calculated for certain contours 
(examples 1, 3). 
More generally, if m is an integer, n#—1, then z” = 


d grtl 
A ). This holds for all n>0 and for z40 if n< —2. 


n+1 
Hence if y is a contour not passing through the origin which 
starts at z, and ends at z,, then 


4 ant ee 
* dz = 2 oy 
[- TT eeu ee 


In particular, if y is a closed contour, we have z, = z, and 
[tae =O (@™—D. 


This illustrates the following consequences of the fundamen- 
tal theorem: 


CoROLLARY 3.1. If f is the continuous derivative of an 
analytic function, then for any contour y in the domain of 
definition of f, J, f(z) dz depends only on the endpoints and 
not on the particular contour. 


COROLLARY 3.2. If f is the continuous derivative of an 
analytic function, then for any closed contour y in the domain 
of definition, f, f(z) = 0. 

Proof of 3.2. J, f(z) dz = F(z2)—F(z,) = 0, since z, = 23. 


Warning. Not every continuous function has a primitive. 
For such functions the fundamental theorem does not apply 
and the only way to evaluate the integral is by direct calculation 
from the basic definition. For such functions the integral does 
depend on the path, and the integral round a closed curve may 
not be zero. 
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If F is analytic in a domain D and f = F’, we will prove later 
(page 56) that fis also analytic. This remarkable theorem 
shows that if fis not analytic, then it cannot have a primitive F. 

Even if fis analytic in D, it need not have a primitive defined 
throughout the whole of D. For example f(z) = 1/z in the 
domain D consisting of all points except the origin. If f had a 
primitive in D, then f, 1/zdz = 0 for any closed contour y in D. 
But for the unit circle C given by z(t) = cost+isint(0<t<2z), 
we know (example 2) that [¢ 1/z dz = 27i#0. This shows that 
no primitive can exist. 


d 
We recall that 1/z = = (Log z) in the cut-plane, but this does 


not lead to a contradiction since the unit circle crosses the 
negative real axis and so does not lie completely in the cut-plane. 

Notice the striking difference between z” (where 7m is an 
integer, n# —1) and z~’, in that 


‘ 2ni ifn = —1, 
ie —* i otherwise. 
This result is responsible for much of the theory in Chapters II, 
III of Functions of a Complex Variable II. 


We conclude this section with an inequality which will prove 
useful later: 


THEOREM 3.3. If y is a contour of length L and | f(z)|<M 
on the track of y, then 


| f f@) dz| <ML. 


Proof. If y is given by z(t) = x(t)+iy(t) (a«<t<f), then we 
recallf that the length of y is given by 


L = [i (OP +O)? } at = [? e"@| at. 


t+ W. Ledermann, Multiple Integrals, p. 4. 
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Assuming the inequality 


If e@ a < f* le(o| at (6) 


for a complex function g of a real variable t, then 
i t@) dz * {is (z(t) z'(t) dt| 
< [? fe) z'(0| at 
< [miele 


= ML 
To verify (6), we use a simple trick. 
Let [4 g(t) dt = Re'® where R, © are real, R>0O. Then 


R = [¥ e~g(ndt = [* U(dt+i [* V1) dt 
where 
e~ g(t) = U(t)+iV(0). 


Since R is real, [2 V(t) dt = 0. But now, by the real casef, 
since U(t)<|g(t)| we have 


R= J : U(t) dt< r |g(t)| dt, as required. 


REMARK. An upper bound M for |f(z)| on the track of y can 
always be found. We have not developed the technique for a neat 
proof, but we sketch an outline of a proof as follows: 

The function m(t) = | f(z(#))| is acontinuous real-valued function of 
t for a<t<f. By continuity at «, m(t) must be bounded for a <t<a+e 
where ¢>0. Let xo be the upper bound of all points x in «<x<f 
such that m(t) is bounded in « <t<x. By continuity at xo, m(f) must 
be bounded in «<t<xpo. By hypothesis we have xo <8. We cannot 
have xo <f because the continuity of m(#) would imply that m(?) is 


+ W. Ledermann, Integral Calculus, p. 6. 
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bounded in a neighbourhood of xo, i.e. for |‘—x| <8 where 6>0. 
Thus we would have m(t) bounded for «<t<xo+5 (by the larger 
of the bounds in «<t<xo, xo <t<xo+5). This contradicts the 
definition of xo. Hence xo = 8 and since m(t) is bounded for 
a <tf<xXo, we have the desired result. 


4. Cauchy’s Theorem 


In the last section we were discussing conditions under which 
J,f@ dz = 0 for a closed contour y. If fis assumed analytic ina 
domain containing y. this need not be true. For example we 
have seen that f[, 1/z dz#0 where C is the unit circle z(t) = 
cos t+i sin t (0<t<2z7). The significant factor here is that 
1/z is not analytic everywhere inside C. (It is not defined at the 
origin.) 


CAUCHY’S THEOREM. If f is analytic in a domain D and 
y is a closed Jordan contour in D whose interior also lies in D, 
then 


[ S@) dz = 0. 


It is not possible in this text to give a complete proof of this 


Oo 


| Mix ‘ 


Wy 
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very deep result, but an outline will be given at the end of this 
section. In the original proof, Cauchy himself needed to 
assume that not only was f analytic (i.e. f’ exists throughout 
D) but that f’ was continuous. He gave several proofs, one of 
which used the Cauchy-Riemann equations. 


| (S@)dz = {  (u+iv) (dx-+idy) 
= J, (udx—vdy)+if (odx+udy). 


Let A be the set of points inside and on the track of y. Then 
Green’s Theoremf states that under suitable conditions, 


2Q @P 
including the continuity of P(x, y), O(x, y), 2 ; yy , we have 


[:raoor- ff (2 Blew 


If we assume f’ is continuous, this implies the continuity of 


du du a a i ea 
ae te Be ae 


[joa (25) oof 2-8) 


= 0 by the Cauchy-Riemann equations. 


It is possible to give a fairly elementary proof of Cauchy’s 
Theorem without assuming that f’ is continuous in the case 
where the track of y is a triangle. The proof is given in Appendix 
II. 

This seemingly innocuous version of the theorem has a strong 
consequence. A domain D is said to be a star-domain if there is 
a point Z, in D (called a star-centre) such that for every other 


+ W. Ledermann, Multiple Integrals, p. 38. 
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point z in D, the whole straight line segment joining Zp to z lies 
in D. Examples of star-domains are drawn in figure 15: 


Inside a star-domain an analytic function always has a primi- 
tive: 


PROPOSITION 4.1. If f is an analytic function defined in a 
star-domain D, then we may construct an analytic function F 
defined in D such that F’ =f. 

Proof. Denote by [z,, z2] the contour z(t) = z,(1—1)+22t 
(0<t<1) which describes the straight line joining z, to Z3. 
If zo is the star-centre of D and z, is in D, then [Zo, z,] lies in 
D and we define 


Fe,) = [fe & 


We will prove F’ = fand so Fis a primitive for f. 

Since D is open, there is an e,>0 such that for |h|<e, we 
have z, +h is in D, and evidently the line [z,, z, +A] lies in D. 
By Cauchy’s Theorem for a Triangle (Appendix II), we have 


Po we) dz+{ pple de+|  ineql@ dz = 0. 
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Figure 16 


and so F(z, +h)—F(z;) = { ce eml@) 2 i} reo el@) 


a bon AS) dz. 


Keeping z, constant, we have fr... 2,+n/(21) dz = f(z,)h and 


this gives 
f(z) = | 
(z1,z1 th] 


F(z, +h)—F(2;) 

h 
Since f is analytic in D, it is certainly continuous at z, and so 
given e>0, we have | f(z)—f(z,)|<e for z in a neighbourhood 
of z,. Also the length of [z,, 2, +A] is |h| and so for sufficiently 
small h we have 


{f(2)-f@1)} 
i Visa dz (h#0). 


F(z, +h)— F(z) e 
nie AAR Slnanend tii heer < —.|hl =e. 
h F(z) |h| |h| é€ 
Since e is arbitrary, this implies 


h->O h 


ie. F'(z,) = (2). 
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Since z, is an arbitrary point in D, this completes the proof. 


As immediate consequences of this proposition and corollaries 
3.1, 3.2 of the fundamental theorem of contour integration, we 
have: 


COROLLARY 4.2. If fis an analytic function defined in a 
star-domain D, then for any contour y in D, f, f(z) dz depends 
only on the end-points of y. 


COROLLARY 4.3. If fis analytic in a star-domain D and y 
is any closed contour in D, then f, f(z) dz = 0. 


We may use corollary 4.2 to sketch a proof of Cauchy’s 
Theorem. First note that an open disc given by |z—Z9|<risa 
star-domain. If y is a contour in an arbitrary domain D, it is 
always possible to subdivide y into a finite number of sub- 
contours y;,...,, Where each y, lies in an open disc D, which 
itself is contained in D. (The proof is omitted.) Let z,_,, z, 
be the initial and final points of y,. 


Figure 17 


Since D, is a star-domain, by corollary 4.2, 


J if? lh } Biugl? - 
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If P is the polygon with sides [Zo, z,], [z1, 22], ..--.[Za-1> Znl 
then 


J) & = 2 Li f(z) dz = | pf(z) dz. 


Now suppose y is a closed Jordan contour in D whose 
interior also lies in D. To show J, f(z) dz = 0, it is sufficient 
to prove fp f(z) dz = 0 for the closed polygon P. To do this, 
we may draw in extra lines joining vertices of P, making 
triangular contours A,,...., A,, such that 


(i) The track and interior of each A, lies in D, 


Gi) frfle) dz = Y Ja, fle) dz 


Figure 18 


In any particular case this is geometrically obvious and as in 
figure 18, the integrals along the additional lines cancel in 
opposite pairs. Note, however, that it is difficult to write down 
a general rule as to how this is done. Assuming its validity, by 
(i) and Cauchy’s Theorem fora triangle we have f,, f(z) dz = 0 
and by (ii) we have fp f(z) dz = 0. Hence f, f(z) dz = 0. 

This concludes our discussion on Cauchy’s Theorem. 
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EXERCISES ON CHAPTER TWO 


In exercises 1-8 integrate the given function along the contour 
2(t) = 1—t+it?(O<r<1). (Use the Fundamental Theorem of 
Contour Integration wherever possible.) 
ewe 2. tf? 3. Gettre*) 4 te 5. GB 
7. sin2?z 8. 2% = 8? (4% ~}), 


In exercises 9-11, integrate the given function around the unit 
circle z(t) = cos t+isin t(0<t<2z). 

9. 1/z2 10. |z| 4 ie 

12. If f(z) = coteizt+ .... +enz"+ .... for |z|<R, prove F(z) 


e122 he 
we eek sa 
2 +1 


Use the result of Appendix I to show F(z) = f(z) for |z|<R. If y is 
a contour in |z|<R, starting at the origin and finishing at zo, show 
Ca i 
n+l 
(This states a power series may be integrated term by term inside the 
circle of convergence.) 


+... is absolutely convergent for |z|< R. 


2 
| f(z) dz = coz0t + coe t Tr ues 
y 
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Taylor’s Series 


1. Cauchy’s Integral Formula 


THEOREM 1.1. Suppose that f is an analytic function 
defined in a domain D. Let y be a closed Jordan contour in D 
whose interior lies completely in D. If y is described anti- 
clockwise (as the parameter increases) and Zp is a point inside y, 
then 

i { fe) 
fle) = 5 4 gop 


ar 


dz. 


This is Cauchy’s Integral Formula. 
Proof. Let C, be the circle centre zo, radius e in the standard 
parametrization z(t) = zo +ee"' (0<t<2z), where ¢ is small so 


that the track of C, is inside that of y. 
ey 


Ff 


T; 


Figure 19 
Make two cross-cuts from the track of C, to that of y and 
parametrize them, making two Jordan contours I’,, ', where 
[',,1', each traverse part of y anti-clockwise, across a cut, round 
part of C, clockwise (i.e. the opposite sense to C,) and across 
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the other cut as in figure 19. (We are relying on geometric 
intuition for this construction.) 


pa 


The function F(z) = ——— oe analytic inside and on I, for 


r = 1, 2 and by Cauchy’s Theorem 
[_F@)dz=0 r=1,2. 


Adding these two integrals, the contributions due to the cross- 
cuts cancel and we have 


[,F@d-[_ Fed: = 0. (1) 


| fod =| Io) 4p, | LOS) G, 2) 
C. c. 27-20 


ce Z—Zo 


Now 


Since lim*-—————— he = 


zZ—>Z9 


fz) fe)=flen) ail | Late 


Z—Zo LIGA 25.40 


= f(z), for z near z) we must have 


dz <M2ne 


using theorem 3.3 of Chapter II. As e—0, the contribution of 
this integral tends to zero. 
Also 


| L@o) 


c. 2—Zo 


2n 1 ; 
z= feo) | —, ie dt = f(Zo).2zi. 
9 e 


Substituting into (1), and letting e—0, we find 
f(2) ! 
[ Z—2 dz = S(Zo).277i, 


which completes the proof. 


Note that this remarkable theorem shows that the values of 
an analytic function at all points inside a closed Jordan contour 
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are uniquely determined by the values of the function on that 
contour. 


2. Taylor’s Series 


In this section we use Cauchy’s integral formula to express 
an analytic function as a power series in a neighbourhood of a 
point. 


LEMMA 2.1. If f is analytic in the open disc given by 
|z—Zo|<R, then f(Zg +h) = agtah+ ... +a,h"+ ... for 
|h| < R. If C is a circle centre zo, radius r where 0<r< R, given 
by z(t) = zo tre" (0<t< 2m) then a, = = oor 

Proof. Fix h where |h| < Rand initially restrict r to |h| <r< R. 
By Cauchy’s integral formula 


1 _f@) 


2ri cZ—-Z—hA 


dz. 


S(Zo +h) = dz. 


-1 
But 1/(z—z)—hA) = = (i-*.) on I (l—w)7! 
Zo 


h |—w'" 
where w = ———. Since 1+w+ ... +w"~' = ———, we have 
zZ—Z9 l—w 


(I—w)-! = l+w+... +w"-'+——. 
l—w 


Substituting into the integral formula for f(z9+h) and simpli- 
fying, we obtain 
h tins 
KZ +h ~: i 
eat) = | PN at apt oo ta 
parla dz =aytah+...+a,_,h""'+A 
* @—z0y"@— 29m f° mane 
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where 
tanga { Ds SARE 
m  Qart le (2-—nzey"** 
and 
Dp tg eee 


* Ini Ie (2—zo)'(z—- Zy—h) 


For z on the track of C we have |f(z)|<_M where M is some 
real constant. Moreover for z on the track of C, |z—zy| = r 


and |z— 2 )—h|>||z—zo|—|A|| = r—|Al, hence 
eiameel 5 Mr fy 
al <3, r'(r—{h}) ns caer 


Since |h| <r, we have A,->0 as n—>o0 and so the infinite series 
Y.a,h" converges to the sum f(zp +h). 
Note that we have only proved the expression 


Pay ea) Aen ce 
* Qnt Je(z—29)"*?! 


for |h|<r<R, but since the integral is independent of h, no 
matter how small, the expression must be true for any r 
satisfying 0<r<R. 

If we write z = zo +h then we have 
SZ) = agt+a,(z—Zo)+ ... +4,(Z—Zo)"+ ... for |z—zo| < R. 
But a power series is differentiable as many times as we please 
inside its circle of convergence (proposition 6.1, Chapter I) and 

_ fo) 

wo 

Now suppose that / is defined on an arbitrary domain D. 
If zo isin D then, by definition, so is an e-neighbourhood given 


by |z—Zo|<e. If R is the largest such e (possible infinite), then 
using lemma 2.1 inside |z—z |< R we obtain: 


TAYLOR’S THEOREM. If / is analytic in a domain D, then 
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f is differentiable as many times as we please throughout D. 
If z) is in D, then 


F(Z) = f(Zo) +f" ZoZ—Z0) + »-- + 
, £20) wf Zo) 


(Z—Zp)"+... |Zz—Z9|<R, 
where |z — Z| < R is the largest open disc centre z) contained in 


Substituting z = z,+h, the power series may also be written 
as: 


(n) 
fZoth) = flZo) +f (Zo)h+ --. te! ee ee 


REMARK. The importance of this phenomenal result cannot 
be over-emphasized. We need only assume a complex function 
is differentiable once throughout its domain of definition and 
then it is infinitely differentiable. This contrasts strongly with 
the real case, where a function may be differentiable once but 
not twice (refer back to page 30 for an example). 


EXAMPLE 1. f(z) = Log z is analytic in the cut-plane. The 
largest open disc centre Zz) = 1 in the cut-plane is |z—1|<1. 


(—)"@—-)) 


Since f (zp) = Tr aor ae = (—1)"(n—1)!, we have: 
0 
h? —1)"h" 
Log(I+h) =h- T+... +! ) + |A| <1. 


EXAMPLE 2. f(z) = 1/z is analytic for z40. If z) #0, then 
l ae 
1/(Z9 +h) (1 + *) 


Zo Zo 
ee ee (—1)"h" | 
Zo 20 20 Zo Zo. 
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ae 


vais 1, then |h|<|zo|, which states that z)+h lies in the 
0 


circle centre Zp, radius |z,|. This is the largest circle centre Zo 
which does not include the origin (where 1/z is not defined). 
Note that the coefficient of h” in the power series is 


In the notation of lemma 2.1, 


fy, 


F\G,) = n'a, = 2 | 


c(Z—Zo 


where C is a circle centre Zp, lying in the domain of definition 
of f. This is Cauchy’s Formula for the n‘” derivative of f. 
If | f(z)|<M on the circle C centre Zp, radius r, then 


f(2) 


Cc (z—2Z)"** 


n! 


\f (zo)| ” On dz 


S an pti .2nr 


and so 
Mn! 
(n) tty 
\f (Zo)| r" 
This result is called Cauchy’s Inequality. Using it we may 
prove: 


LIOUVILLE’S THEOREM. If f is analytic throughout the 
whole plane and |f(z)|<™M for all z, then f is a constant 
function. 


M P ; : 
Proof. | f'(Zo)|< “ for any r, since f is analytic throughout 
the whole plane. Let roo and we have f’(zp) = 0. This is true 
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for any Z, and so f’(z) = 0 for all z. This implies that f is 
constant. 
3. Zeros and the Identity Theorem 


If f(Zo) = 0, we say that Zp is a zero of f. We may write an 
analytic function f as a power series in a neighbourhood of Zo, 


f(Z) = Ag +a,(z—Zo)+ ... +4,(Z—Z)"+ ... |z—zol <R. 
Either a, = 0 for all n, in which case f(z) = 0 for |z—z,|< R, or 
we have dy = a; =... = Qn_, = 0 and a,, 40. ishichcatid 


case we say that Zg is a zero of order m. Note that my a, 
f (Zo)/n!, a zero of order m satisfies f(z9) = 0, f’(zo) = 
Sf ™- (zo) = 0, but f™(z,) 40. 

We may show that a zero of order m is isolated. By this we 
mean that there is an e-neighbourhood of zy in which Zp is the 
only zero of f, i.e. f(z) #0 for 0<|z—z,| <e. 

To see this we write 

S(Z) = @— 20)” {4m +4m+1 (Z—Z)+ ...} for |z—z9|<R 

= (Z—2Z9)"®(z) 
where the power series O(z) = a,,+@4,(Z—Z))+ ... is con- 
vergent for |z—Zo| < R. Since ® is analytic for |z—zp|<R, it is 
certainly continuous at Z,) and so ®(z)->a,, #0 as z->zy. Hence 
®(z) is non-zero in some e-neighbourhood of zp. But (z—z)™ 
is zero only at Z) and so f(z) #0 for 0<|z—zp|<e. 

Suppose that z;, Z2,..., Z,,... iS a sequence of distinct} 
zeros of f which tends to a point Zo. If fis defined at zo, then by 
continuity we must have f(Zp) = 0. Since Zp is a limit of zeros, 
it is not isolated, and as we have seen above we must have f 
identically zero inside some circle centre Zp. 


Note. This argument depends on the fact that f is analytic 
in a neighbourhood of Zo, in particular it breaks down if f is 


+ We consider the zeros to be distinct to avoid the trivial case that all but 
a finite number of the zeros coincide at zo. 
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not defined or not analytic at z). For example the function f 
given by f(z) = sin (1/z) (#0) is analytic everywhere except 
at the origin. It has a sequence of zeros given by z, = 1/nm 
(n> 1) which tends to the origin, but evidently the function is 
not identically zero inside any circle with the origin as centre. 


THEOREM 3.1. Suppose that z,;, z2,...,2),-.--i8a 
sequence of distinct zeros of an analytic function f defined in a 
domain D and that the limit of this sequence, Zo, lies in D, then 
f is identically zero throughout D. 

Proof. By continuity f(z)) = 0 and, as we have seen above, 
f is identically zero inside some circle |z—29| <p. 

Let w be any other point in D. Since D is a domain, there is a 
stepwise curve in D joining zp to w. We suppose that this curve 
has length d and let z(s) be the point distance s along it from 
Zp) so that z(0) = Zo and z(d) = w. We intend to show that 
f(z) = 0 all along the curve, in particular f(w) = 0. 

Since f is identically zero in |z—Zo|<eo, then f(z(s)) is 
certainly zero for 0<s< eg. We consider those real numbers s in 
O<s<d such that f(z) = 0 along the curve as far as 2(s). 
Suppose that s* is the least upper bound of such s. By con- 
tinuity f(z(s*)) = 0 and z(s*) is the furthest point along the 
curve such that f(z) = 0 for all z on the curve as far as z(s*) 
(marked with a thick line in figure 20). 
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We cannot have z(s*) #w. This is because f(z) = 0 along the 
curve up to z(s*) and so f(z) = 0 in a neighbourhood |z—z(s*)| 
<e. This would imply that f(z) = 0 for a certain distance along 
the curve beyond z(s*), contradicting the definition of s*. Hence 
z(s*) = w and f(w) = 0. This completes the proof. 

We may immediately deduce: 


THE IDENTITY THEOREM. Suppose that f, g are analytic 
functions defined in the same domain D. Let 2;, 22,..., Z,).-- 
be a sequence of distinct points in D with limit z) also in D, 
such that f(z,) = g(z,) for n> 1, then f(z) = g(z) throughout D. 

Proof. Apply theorem 3.1 to ®(z) = f(z)—g(z), then ® is 
analytic in D and z,, Z2,..., Z,,... iS a sequence of distinct 
zeros of ® with limit zy in D. 

The Identity Theorem has far reaching consequences in the 
theory of analytic functions. 

Suppose that fo is a complex function defined on a set S. A 
complex function fis said to be an extension of fy if fis defined 
on a larger set D containing S and f(z) = fo(z) for all z in S. 
In general the values of f at points outside S can be assigned 
quite arbitrarily. For example if S is the real axis and f(x) = 
sin x for x real, then defining f(z) = sin z for z on the real axis 
and f(z) = 0 otherwise, the function f is an extension of fy. 
However if we insist that the extension is also analytic, then 
(under a minor restriction on S) the Identity Theorem shows 
that this extension is unique. 


THEOREM 3.2. Let fo be a complex function defined on a 
set S which contains a convergent sequence of distinct points 
21, Z2,... together with its limit. If fis an extension of fy to a 
domain D and f is analytic, then f is unique. 

Proof. Suppose that g is another analytic function defined in 
D satisfying g(z) = fo(z) for all z in S. Then g(z,) = fo(z,) = 
J(z,) for n>1 and by the Identity Theorem, g(z) = f(z) 
throughout D. 
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We remark that the notion of extension to an analytic 
function does not guarantee that such an extension exists, only 
that if it exists then its uniqueness is assured. It also does not 
give any practical method of constructing an extension and we 
will find that usually the most successful way is to resort to 
inspired guesswork. 


EXAMPLE. fo(z) = 1+z+z7+...+2"+... — |2|/<1. 
The set S of complex numbers satisfying |z|<1 certainly 
1 


: : 1 
contains a convergent sequence of points (ce a are 


. . . With limit 0 } and so an extension to an analytic function 


in any given domain D is unique. The power series for fo is 
not convergent for |z|>1 but the function f(z) = (1—z)~* is 
analytic for z#1 and satisfies f(z) = fo(z) for |z| <1. Hence the 
analytic function f is the extension of fo to the domain consis- 
ting of all complex numbers except z = 1. Note however that 
no analytic function exists which is an extension to the whole 
plane, because f(z) has no finite limit as z—1 and so we cannot 
define f(1) in any way to make f analytic there. 

The notion of extension by an analytic function is particularly 
interesting in two cases: 


CASE I. S is the real axis (or more generally any subset of 
the real axis containing a convergent sequence of distinct points 
together with its limit). Given a real-valued function fo defined 
on S, if there is an extension to a complex analytic function fin 
some domain containing S then this function is unique. This 
shows the strong restriction imposed on a complex function 
by requiring it to be analytic. 

For example if f(x) = sin x for all real x, then of course we 
know that f(z) = sin z gives an analytic function defined 
throughout the whole plane and f coincides with fo on the real 
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axis. We now know that f(z) = sin z is the only analytic 
function which satisfies f(x) = sin x for x real. 


CASE II. S is a non-empty open set. 

Since S is non-empty it contains a point zy and since it is 
open it includes an e-neighbourhood of zy. We can easily select 
a sequence of distinct points in this neighbourhood which tends 

1 1 1 ios 
to Zo | e.g. Zo +58 Zo+3° Segre ey x are .) and so 
satisfies the required conditions. As a particular instance we 
may take S to be the open disc |z— Z| <e. 

We have seen in section 2 that if fis an analytic function 
defined in a domain D and 2g is in D, then f has a Taylor series 
expansion in a small disc centre zp). The notion of extension 
using an analytic function shows that the reverse process is 
true in that once we know the values in a small disc in D then 
the values of f throughout D are uniquely determined. Hence 
in some peculiar way the power series expansion in a small 
disc contains all the information required to specify the values 
of the function throughout its domain of definition! 
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EXERCISES ON CHAPTER THREE 


Find the Taylor expansion of the following analytic functions at the 
origin: 
1. z(1—z)-2 2. z3e” 3.(z+1)3 4. Log(1+z) 5.(1+z)* 6.(1+22)-1. 


7. Suppose that f is analytic throughout the whole plane and 
satisfies | f(z)| <_M/|z|" for all z. Use Cauchy’s inequality to prove 
that f(*”) (z) = 0 and show that f(z) is polynomial of degree at 
most 1. 


Find the extension of the power series in 8-10 to analytic functions in 
the largest possible domain. 


io 2) @ 
8. }i nz" |z/<1 9. }) nz" |2| <1 (Hint: differentiate )'nz") 
n=i n=1 


~ 
10. })(—1)"2"" |z| <1. 
n=0 


N Cs) 
11. If a,(z) = z2"+(1—z)", by considering }° a,(z), prove that )’a,(z) 
n=O n=0 
converges if |z|<1 and |1—z| <1. Draw sg domain given by 
|z| <1 and |1—2z| <1. Find the sum f(z) = yi a,(z) in this domain 


and hence write down the extension of f BY iy an analytic function 
in the largest possible domain. 


12. Suppose that / is analyte, in a domain D containing the point 


z= tands(1~7) = xe mr(1-2)” fe kize 42), 


Calculate the following tt they exist): 
f£), f +i), FW, (2,000). 
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Appendix I 


THEOREM. If f(z) = coteyz+e277+ ... +¢,2"+ ... for 
|z| <.R, then f’(z) = c,+2c,z+ ... +ne,z"~'+ ... for |z|<R. 
Proof. First we show that the power series 
Si(z) = cy 4+2eq24+ 2. +ne,z" 1+... 


is absolutely convergent for |z| < R. 
Fix z and choose r such that |z|<r<R. 


By hypothesis ba c,r” converges absolutely and so there is some 


positive number °K such that |c,r”| < K for all n. 
K\z\"~ Kn a= i 

Letg = 2 then 0<q<1 and |nc,z"~*|< i ih = —t 

But ng"~* converges (to (1—q)~”), hence by the comparison 


test, nc,z"' converges absolutely. 
n=O 


Now we show f'(Zo) = f;(Zo) for |Zo| < R, i.e. 
so cata (z)—f(Zo) tes af =o, 


As before, choose r such that |z)9|<r<R and since z—>Zo, we 
may also restrict z so that |z|<r. 


z—>Z9 


We know )' nc,r"~* converges absolutely. Suppose we are 


n=0 
@o 
given e>0, then we can find an integer N such that ¥° |nc,r"~*| 
n=N 


< +e. Now keep N fixed. We can write 
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flz)-fle0) 
He 


2) 


DY Gy {P+ 2927-2 + 2. 29°"! — nz" 4} 


n=O 


We let 5°, be the sum of the first N terms of this series (i.e. from 
n = 0 ton = N—1) and )’, the sum of the remaining terms. 
Then 


Dal < ¥ lel (ttt t+... tt tar} 
n=N 
= 2: 2n\c,|r"~ 1 <4e. 


Also }, = * Cy {Z"~ 1 +Z92"- 72 +... +29" 1—nz9""*} is a 
polynomial i in ri and ne dt = 0. Hence there is a 8>0 such 


that |)’,|<4e provided ‘that |z—z|<8. Thus for |z|<r and 
|Z—Zo|<85 we have 


f(@)—f Zo) 


Z—Zo 


—fi@o) | <[Xial+lLal<det+te = «. 


This means /’(Z9) = f,(Zo) as required. 


65 


Appendix II 


CAUCHY’S THEOREM FOR A TRIANGLE 


Suppose f is analytic in a domain D and T is a triangular 
contour whose track and interior lie in D, then fy f(z) dz = 0. 

Proof. Suppose |{; f(z) dz| = h>0, then by a neat trick we 
show A = 0. 

Draw in lines joining the midpoints of the sides of T and 
parametrize them, giving four triangular contours T“), T, 
T®, T™, such that integrals along the additional lines cancel 
in pairs because they are taken in opposite directions. 

If I, = from f(z) dz, n = 1, 2, 3, 4, 
then 


L+ht+h+h = [,f@ dz. 


APPENDIX II 


Since |f7f(z) dz| = h, we can choose r such that |J,| > th. 
Define 7, = T“, then 
\[-,S@) dz|> 4h 


and since 7; is half the linear size of 7, the perimeter length of 
T, is given by 


L(T,) = $L(T). 
Repeat the process of subdivision with 7, and so on, obtaining 
a sequence of triangles 7,;, T,,...,7,,.... where 
J,,f@ 42|>(" (1) 
and 
L(T,) = (4)"L(7) (2) 


This sequence of triangles approaches some point z,) which 
lies inside or on the triangle 7. By hypothesis, f is analytic at 


Zo and so 
= {a2 —SGo) 


z—>29 Z—Zo 


= f'(Z). 


This means that given any e>0, we can find §>0 such that 
if |z—z,| <5, then 
S(@)—fZo) 


Z—Zo 


<s. (3) 


—f'@o) 


The condition |z—z,|<8 means z lies in a disc centre Zo, 
radius 5. Since the sequence of triangles T,, T,,...,T7,,.... 
approaches Z, and each T, is half the linear dimensions of its 
predecessor 7,,_,, for some N we have 7, lying inside this disc 
for n> N. Thus for all z on the triangle 7,, n> N, from (3) we 
have 

If(2) fo) —f' Zo) (2—Z0)| < €|z—Zo| < eL(T,). (4) 


By the Fundamental Theorem of Contour Integration, since 


T,, is a closed contour, | dz -| is (z) dz =0 and [ z dz 
T. T. dz 


Tn 
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a\2 
J 7,/(2) dz = i {f(z)—f (Zo) —f' (Zo) (Z—Zo)} dz. 
From (4), we have 


| f,,f@ az| < eL(T,).L(T,) 


a | 2(¥) dz = 0. Since 2g is fixed, we see that 
T. 


= e(3)"L(T)’ from (2) 
Comparing this with (1), we find 
(4)"h < e(3)"L(T)? 
i.e. h < eL(T)*. 


But 4>0 and e may be arbitrarily small. This implies that 
h=0. 


Solutions to Exercises 


Chapter One 


1. 


(i) x2—y24+2x+i(2xy+2y) (ii) x(x2 + y2)-1 —iy(x2 + y2)-1 
(iii) sin x cosh y+i cos x sinh y 
(iv) (xe* cos y—x+ye* sin y) (e?*—2e* cos y+ 1)7! 

+i(ye* cos y—y—xe* sin y) (e?*—2e* cos y+1)-1 
(v) 4 log (x2+y2)+itan-! (y/x) where we choose 0 <tan~! (y/x) 
<n for y>0 and —7z<tan-! (y/x) <0 for y <0. 
(vi) x2+y2+i.0 (vii) tan-! (y/x) with the conventions of 1.(v) 
above. 


. (@) 2z+2 (ii) —2z-? (iii) cosz (iv) (e*?—1—ze’) (e*—1)-2 


(v) 271, 
ra) t7) 
() = 2x, Mar, 2 a0=, 
ox oy ox ey 
as 
ee Oe Ge ww tin 0. 
dz z—0 z—0 Z 
ay of. sg DOO IR 
ax x2+y2 dy x2+y2’ ax ay" 


. (i) domain (ii) no (not open) (iii) no (not connected) (iv) yes 


(v) yes. 


5. f = ut+iv where v = 0. Pm 0. By the Cauchy-Riemann 


. -z)-4= L+4s+°5 224 Sikn's 


ax ay 
; Ou = Ou ‘ 
equations es z = 0. Thus f’ = 0 throughout the domain of 
x 


definition which implies that f is constant. 


. @) Ar = ik, 2 = —ik (ii) Ae*+ Be®* (iii) Ae* + Be?*+ Ce", 


at) (n+ 2) (+3) 


6 +... 
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SOLUTIONS TO EXERCISES 


Chapter Two 
(In questions marked * the integration may be performed using the 
Fundamental Theorem of Contour Integration). 


5 | 7 1 a | 
1, —~+=i 2%. 13*. e'—e 4°. Logi—Logi = i= 5*. —-i-- 
3°3 isis sna inecurie : 3 
6. a T. Ls iehen tae sin 2 
3 2 ité >a 
sa+l atl i(m/2)(a+1) __ 
Pere 2 ain insite? 7 ee i+} = 
e+] etl a+] elatl)Logi — pi(n/2)(2+1)) 
9*. 0 10. 0 11. 277i. 


: — : : 
12. (i) = converges absolutely by comparison with )"|c,z"| 


Cpz**! 


since 


|z| 
[eae = ——0 asn—> oo, 
n 


cz! 


Gi) f, fle) de = Flee) FO) -> : 


Chapter Three 
nt+3 
$y SE Oz cee Parte, Clabel (odetastang 4% 
n 


all z. 
— z2 


o ibisddateatiocalls 400 Se HD+ bel. 
n 


—1)...(a—n+1)z" 
ae ee Se +r Core ..« [2] <1 (unless ais 
a positive integer in which case the series terminates and is valid 


for all z). 


6. 1—z2+ ... +(—1)"27*4+... Iz/ <1. 
70 


SOLUTIONS TO EXERCISES 


. If |z—zo| = r and r2>|zol, then |z|<|zo/+|z—zo| <2r and so 


|f(z)| <2"r"M. Hence |f(*) (0) <- Let r>o, 
then f+ (zo) = 0. 
Zz z(1+ 2) 
° (iz) (z#1) . (i—23 (z#1) 


. (1+22)-1 (z# ti). 


ie 4. GK, 1. 
1-—z z 


ie 2) 
. f(z) = Y (—1)"z?" = (1+22)-1 wherever f is defined. Hence 
n=O 


fO) = 1, fA +i) = (1—2i)/5, f(2,000) = 1/4,000,001 (if they 
are defined) but f(i) cannot exist-if fis analytic. 
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Preface to Part II 


This part follows on from Part | and uses the ideas of complex 
differentiation and integration developed there. 

First there is a geometrical interpretation of analytic 
functions in terms of conformal mappings which is then shown 
to have a substantial link with harmonic functions and two- 
dimensional potential theory. The next two chapters are 
concerned with the development of the Calculus of Residues 
by way of Laurent series and Cauchy’s Residue Theorem. 
Many worked examples of calculation of integrals by residues 
are given together with the method of calculating the sum of 
certain series. 

The final chapter is an account of analytic continuation 
and Riemann surfaces. This is given in descriptive terms (often 
in terms of examples) in the hope of explaining these two 
ideas and the way that they complement each other. 
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CHAPTER ONE 


Conformal Mappings and Harmonic Functions 


1. Conformal Mappings 


In this section we discuss the geometrical properties of 
analytic functions. First we calculate the gradient of a smooth 
path in the complex plane. 

If z9#z,, then 6 = arg(z,—zo) (—7<6<z) is the angle 
between the real axis and the directed line from zg to z. 
Suppose that z(t) = x(t)+i(t) («<t<f) is a smooth pathf 
and Z) = 2(to), z, = 2(t) are two distinct points on its track, 
then @ = arg(z(t)—z(to)) is the angle between the real axis 
and the directed chord from 2(f9) to z(t). 


z(t) 


2(tg) 
S) 


Figure 1 
Now if cis a positive real number, then arg cz = arg z. If we 


>0O and so 


assume that f> fp then 2 ; 
~~ 60 
@ = arg(z(t)—z(t.)) = arg) S| 
oho 


Tie. z(t) = x’(t)+ iy’) exists and is continuous for «<1<B. 
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CONFORMAL MAPPINGS AND HARMONIC FUNCTIONS 


Let t->to, then the chord tends to the tangent at tf) directed in 
0 NE) 


the sense ¢ increasing. Also —z'(ty). From this we 


may infer that the angle between the real axis and the directed 
tangent is arg z’(t,), provided that z’(t.)40. 

The case z’(to) = 0 is omitted because arg 0 is not well- 
defined. The proof in other cases is not trivial because arg z 
denotes the principal value —7<arg z<7, and arg is not 


z(t) —2(to) 


continuous on the negative real axis. Let w = “na 
a 0 


> 
Wo = 2'(to). Since arg is continuous in the cut-planet, when 
—m<arg Wo <7 we have ww, implies arg w—arg wo. Thus 
6->arg z’(to). However if arg wo = 7, i.e. if Wo is on the 
negative real axis, then although arg wy = 7, a point near wo 
but below the real axis has arg w nearly —7. If w tends to wo 
from below the real axis then arg wp—>—7. Worse still, if w 
tends to wo in a spiral path, going round and round and getting 
ever closer to wo then arg w jumps from nearly —7z to m and 
back again ad infinitum so that arg w does not tend to a limit. 
Thus it is blatantly untrue to say that ww, implies arg w—> 
arg Wo in the case of the principal value. If arg wo = 7, we 
choose the value of arg w in the range 0 < arg w< 27. This value 
is continuous near Wo and as w—>Wo, we have arg w—>7, as 
required. 

Now suppose f is an analytic function defined on a domain 
D. Let y be a smooth path in D given by z(t) = x(t)+iy(t) 
(«<t<f), then f transforms y into a smooth path I’ given by 
w(t) = f(z(t)) («<t<f). Suppose that zp is a point in D where 
S'(Zo)#O and Zp lies on the track of y, i.e. Z9 = 2(to) for 
some to. 

We compare the directions of the tangent to y at z) and the 


+ Functions of a Complex Variable I, p. 18. 
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CONFORMAL MAPPINGS 


tangent to [ at wy = f(z). Let 6 = arg z'(to), = arg w'(to). 


Since 
W'(to) = f''(z(to))z’(to) 


we have arg w’(to) = arg f'(z(to)) + arg z'(to) up to a multiple 
of 27 and so # = arg f’(zo)+¢ up to a multiple of 27. 


, f S 
hui iiion Wo *f(z,) 
Ze 


b p 


Figure 2 


Hence the tangent to y at zo is turned through an angle 
arg f’(Zo) upon transformation under f. This does not depend 
on the path y and so if y,, y, are two paths through Zp, then 
the transformed paths meet at the same anglef as y,, y2. (In 
each case the tangent is turned through the same angle 
arg f’(Zo), up to a multiple of 27, upon transformation.) 

A transformation preserving angles between curves is said 
to be conformal. An analytic function is conformal where 
J'(z) #0. (It is certainly not conformal where f’(z) = 0. If zo 
is a zero of order m of f’, then the angle between curves 
through Zp is multiplied by m+1 upon transformation. The 
proof is omitted.) 

We can find more information about analytic functions by 
considering the equation 

lim f(z) - SA 

z— 


zZ—>Z9 


= f'(Zo)- 


t The angle between two paths through zo is the angle between their 
tangents (considered up to a multiple of 27). 
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CONFORMAL MAPPINGS AND HARMONIC FUNCTIONS 


This implies 
m ACE = =|f'(z o)| 
and so for z near Zp, we have 
f@)—-f Zo)! yp 
ae, | TIP Gol 


i.e. | f(Z)—S(Zo)| = | F@o)| |z—Zol- 


This says that f magnifies lengths by approximately | f’(z9)| 
near Zo. 

Taking Zo, 2;, Zz ‘close together’, where f’(z))}40, then 
conformality and the magnification property state that the 
small triangle with vertices zp, z,, zz is transformed into a 
similar triangle, with sidelengths multiplied approximately 
by | f’(zo)| and turned through an angle arg f’(zo). The smaller 
the triangle, the better the approximation. 


22 
f 
Zz ——_. 
Zo 
— 
Figure 3 


As an example of a conformal mappingf, we consider 


Wie ; (ad#bc) which is defined for all z if c = 0 and 


t ‘Mapping’ is just another word for ‘function’. 
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CONFORMAL MAPPINGS 


for all z except z = —d/c otherwise. This is called a bilinear 
ad—be 
(cz+d)? 
ad#bc ensures that f’(z)40 wherever f is defined and so / is 
conformal. 


mapping. Note that f’(z) = and so the condition 


As particular cases we note: 


EXAMPLE I. A translation w = z+«. Points in the w-plane 
correspond to those in the z-plane with a change in origin. 
Figures remain the same shape and size when transformed. 


EXAMPLE 2. A rotation w = e'*z where ¢ is real. Since 
arg w = arg z+¢ (up to a multiple of 27) and |w| = |z|, we 
see that figures are rotated through an angle ¢ about the 
origin but lengths remain unchanged. 


EXAMPLE 3. A magnification w = rz where r is real and 
positive. A figure remains similar and similarly situated when 
transformed, but lengths are multiplied by a factor r. 


EXAMPLE 4. An inversion w = 1/z. If z= re® then 
1 
w= Beh and so |w| = I/|z|, arg w = —arg z. Unlike the 


previous examples, this may change the shape of figures. For 
example a circle may be transformed either into a circle or 
into a straight line. However, by considering a line to be a 
‘circle of infinite radius’}, it may be shown that an inversion 
transforms ‘circles’ into ‘circles’. Other curves may have their 
shape altered, but because of the conformal property, the 
angle between two paths remains unaltered (provided that 
their intersection is not the origin, where the transformation 
is not defined). 


Tt See Exercise 4 at the end of this chapter. 
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CONFORMAL MAPPINGS AND HARMONIC FUNCTIONS 


The reader is encouraged to draw pictures for the above 
examples to help visualize them. 

It is a remarkable fact that a general bilinear mapping may 
be expressed as a succession of the particular types described 
above. For c40, we write 


az+b i bc—ad 48 
ez+d  c*(z+(d/c)) c’ 


be—ad 
Let ate = A, thenA40. We write w, = z+(d/c), w. = 1/m,, 


w3 = |[Alw2, ws = (A/|Al)w3, w= wyt(a/c). By successive 
substitution we find that w is obtained from z by a translation, 
then an inversion, a magnification, a rotation and another 
translation. 

The case c = 0 is somewhat easier. We have w = ae 
=az+B where «=a/d, B=b/d. Thus if w, = |a{z, 
W2 = (a/|«|)w,, w = w+ 8, we see that w is obtained from z 
by a magnification, a rotation and a translation. 

Of the particular examples considered, only an inversion 
changes the shape of a figure and even this takes ‘circles’ into 
‘circles’. Thus a general bilinear mapping transforms ‘circles’ 
into ‘circles’. 

Bilinear mappings have many other interesting properties. 
Tne reader should consult the literature on the subject.f 


2. Orthogonal Curves 


As we have seen in the last section, the angle between two 
smooth paths is preserved under transformation by an analytic 
function where that function has non-zero derivative. The 
most important case occurs when the paths are orthogonal 


+ L. V. Ahlfors, Complex Analysis, McGraw Hill Book Co., pp. 76-88. 
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ORTHOGONAL CURVES 


(i.e. intersect at right angles). If y, is a line parallel to the 
x-axis and y, is parallel to the y-axis, then they are orthogonal 
and so the transformed curves I',, [', meet at right angles: 


7, _t 


Figure 4 


As an example of this phenomenon, consider the function 
f(z) = e* = e**"”, Taking polar coordinates in the w-plane, 
w = Re'*, then w = f(z) gives R = e* and ¢ = y (up to a 
multiple of 27). Thus the line x = constant transforms into 
R= constant, which is a circle centre the origin, and 
y = constant transforms into ¢ = constant, which is a straight 
line through the origin. These evidently meet at right angles. 

A most useful technique is to write f(z) = u(x, y)+iv(x, y) 
and consider the curves u(x, y) = uj = constant and 
v(x, y) = v9 = constant. Suppose that these are smooth paths 


y 


v(x, y)=Vo 
> 4 
u (x,y)2Uo 


Figure 5 
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CONFORMAL MAPPINGS AND HARMONIC FUNCTIONS 


which meet in a point Zy = Xo+/yo where /f’(z.)40. 
If w = u+iv = f(z), then the curve u(x, y) = up in the z-plane 
transforms into u = up in the w-plane and v(x, y) = vp trans- 
forms into v = vp. But u = up, v = vg are straight lines 
parallel to the axes in the w-plane and hence meet at right 
angles. 
This means that u(x, y) = ug, v(x, y) = Ve are orthogonal 
curves. 

For different values of wo, vg we obtain two families of 
curves. Any curve of the first family meets one of the second 
family at right angles. These curves are called the Jevel curves 


of f. 


EXAMPLE. f(z) = z”. Since f’(z) = 2z, the transformation 
is conformal where /’(z)40, i.e. at all points except the 
origin. We have 


f(z) = (x+iy)? = x? —y? +2ixy 


HARMONIC FUNCTIONS AND POTENTIAL THEORY 


and so u(x, y) = x?—y*, v(x, y) = 2xy. The level curves are 
x*—y? =c, 2xy =k. For c#0, k#0, these do not pass 
through the origin and are hence orthogonal. Using coordinate 
geometry, for different values of c, the first set of curves are 
rectangular hyperbolae with asymptotes x = y, x = —y. 
Similarly the second set of curves are rectangular hyperbolae 
with the axes as asymptotes. 


3. Harmonic Functions and Potential Theory 


Suppose that ¢(x, y) is a real valued function of two real 
variables x, y. If ¢ satisfies the differential equation 


a7 a6 
ey hii (1) 
then ¢ is called a harmonic function or potential function. 
Equation (1) is called Laplace’s equation. 

Usually ¢ is only defined for those values of x, y where 
x+iy lies in a domain D. If fis an analytic function defined in 
D and f(z) = u(x, y)+iv(x, y), then it may be shown that both 
u and v are harmonic in D. 

This follows from the Cauchy-Riemann equations} and 
Taylor’s Theorem.{ First note that 


ou dv Ov Ou 


J) at (2) 


sui igs tay ° 
From Taylor’s Theorem, f” exists throughout D and so f’ 
is also analytic in D. Let f’ = U+iV, then from the Cauchy- 
Riemann equations for U, V, the partial derivatives of U, V 
exist and satisfy: 


+ Functions of a Complex Variable I, p. 23. 
} Functions of a Complex Variable I, p. 55. 
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oU- av 
easing yy 2 Ti 3 
ox oy @) 
OV aU 
oder ee (4) 
ox oy 
e év 0 é 
Since U = at es —,V= nid = Bia on substituting in (3) we 
ox éy ox ey 
have 
0 /eu d [ dv _ ofa Leek nib 
ax\ax) ax\ay) ay ax] dy\ oy 
and in particular, 
67u du 
ax? t ay? = 0, (5) 
Substituting in (4), we also find 
é [ dv 0 [ eu wore 7h ain OifGe 
ax\ax} ss ax\éy) ss y\ ax] dy\ dy 
which gives 
a7v d7v 


This has applications in two-dimensional potential theory. 
If u is a potential function, then the curves u(x, y) = constant 
are ‘equipotential lines’, But we have seen in the last section 
that the curves v(x, y) = constant are orthogonal to these. 
The curves v(x, y) = constant are ‘stream lines’. 

Suppose that we are given a potential function u in a 
domain D. Is it possible to determine the equations of the 
stream lines from this? Under suitable conditions this problem 
may be solved by looking for a real-valued function v such 
that f = u+iv is analytic in D. The function v is called the 
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harmonic conjugate of u. If a harmonic conjugate exists, then 
from the Cauchy-Riemann equations for f we have 


ff) = oi (7) 


From this we may attempt to find £ Sometimes the solution 
is obvious by inspection, otherwise we may use contour 
integration. The latter method would require restrictions on 
the nature of the domain D. For example, if D were a star- 
domainf with star-centre z), then we may adopt the method 
of Volume I, Chapter Two, proposition 4.1 to find 


fle.) = | ___f @de 


| (= =) 
= ——i— jdz 
[z0, z1] \O* ey 


where [Zo, z,] is the straight line from zy to z. 
Note that a solution of (7) is unique up to an additive 
constant, for if f,, f. are both solutions, then f,’ = f,’. Hence 


d 
au fi—fr) = 0, and since D is a domain, f,—f, is constant 


throughout D (Volume J, Chapter One, theorem 5.1). This also 
implies that the harmonic conjugate v is unique up to an 
additive constant. 


EXAMPLE I. u(x, y) = x*—y?, defined in the whole plane. 
Note first of all that u satisfies Laplace’s equation. If f exists, 
Ou ou 
then f’(z) = ——i— = 2x—i(—2y) = 2z, hence 
ox oy 
f(z) = z?+constant = u+iv 
and so v(x, y) = 2xy+constant. 
Tt Functions of a Complex Variable I, p. 46. 
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EXAMPLE 2. u(x, y) = log,/(x?+ 7) defined in the whole 


plane except the origin. Since us ih Ee mer 
igin. Since — = ——z, —5 = -3—_ 53» 
f ; f 2 2 2 (< 4. y?)? 
du Oe) er ‘ 
— = ALM 0 Haas Radin O04, we see that u satisfies Laplace’s 
dy x*+y* dy* (x*+4+y%) 
equation throughout its domain of definition. If u were the 
real part of an analytic function f, then we would require 


{@Q= Silke ola os th gh -. As we have shown (Volume I, 


page 43), no such f exists which is defined for all points except 
the origin. However, in the cut-plane (with the negative real 
axis removed) a solution is f(z) = Log z and v(x, y) = 
arg (x+iy). 


EXERCISES ON CHAPTER ONE 


1. Consider the paths z())=¢t (-—1<t<l), 2) = «1+ 
(—1<t<1). Write down the equations of the transformed 
curves under the following functions: (i) e” (ii) sin z (iii) z2+2z. 
In each case verify that the function has non-zero derivative at 
the origin and that the angle between the curves is preserved 
under the transformation. 


2. Consider the line segments z(t)=t (0<t<1), 2(t) = te™ 
(0<t<1) where —7<a<7n. Find the equations of the trans- 
formed curves under the function f(z) = z” where n is a positive 
integer. Show that on transformation the angle between the two 
curves is multiplied by m (up to a multiple of 27). 


1 
3. Find the equations of the level curves of f(z) = * and draw a 
sketch of them. 
20 


EXERCISES 


. Show that the equation of any circle or straight line may be 
written as 


e(x2+y2)t+pxtgytr=0 (*) 
where p, q, r are real. 


24. q2—4re\t 
If «#0, show that this is a circle of radius an ‘i 


and if e = 0 then it is a line. (This demonstrates why we regard 
a line as a ‘circle of infinite radius’.) 
Show that an inversion w = 1/z transforms (*) into 


r(u2+v2)+pu—qu+e = 0 


where w = u+iv. 
Hence show that under an inversion 
(i) a straight line or circle through the origin transforms into 
a straight line, 
(ii) any other straight line or circle transforms into a circle. 


. Find the most general cubic form 
u(x, y) = ax3+bx2y+ cxy2+ dy3 (a, b, c, d real) 


which satisfies Laplace’s equation, and find an analytic function 
f which has u as its real part. 


. Verify that 
u(x, y) = 2 sin x cosh y—2cos x sinh y+ x?— y?—4xy 


satisfies Laplace’s equation, and (preferably by inspection) find 
an analytic function f which has u as its real part. 
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CHAPTER TWO 


Cauchy’s Residue Theorem 


1. Laurent’s Theorem 


The main purpose of the next two chapters is to develop 
methods of calculating contour integrals. If f is analytic in a 
domain containing a closed Jordan contour y and the points 
inside y, then Cauchy’s Theorem states that 


| fl)dz = 0. 


In this chapter we are concerned with calculating f. S(z)dz 
where f is not analytic at a finite number of points inside y. 
The solution to this problem is given by Cauchy’s Residue 
Theorem which will then be used in Chapter Three to calculate 
a number of specific integrals. 

We first generalize Taylor’s Theorem. This states that if f 
is analytic for |z—z,|<.R, then we have a power series expan- 


sion f(z) +h) = )'a,h", valid for |h|< R. Now suppose that f 
n=0 
is only assumed analytic for R,<|z—zp|<R,. We cannot 
hope to express f(z) +A) as a power series ¥a,h" valid for 
n=0 


R, <|h|<R,, since by the comparison test this series would 
converge for |h| < R,, and by extending the domain of definition 
of }'a,h” to |h|<.R, we may consider f to be analytic for 
|z—Z |< R. We can however express f(z) +h) as a series 
involving both positive and negative powers of h. 


LAURENT’S THEOREM. If f is analytic in the annulus 
R, <|z—Zo|<R, (where R,>0), then 
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LAURENT’S THEOREM 
S(Zo+h) = ¥a,h"+ ¥b,h-" for Ry <|h| < Rp. 
n=0 n=1 
If C is the circle centre zo, radius r (given by z(t) = z)+re'® 
(O<t<2zm)) where R,; <r<R, then 


I f(z) 


+ Qeitis—z,y** 


dz, b, = mI (z—Z)"~ {f(z)dz. 
27i J} ¢ 


Note: If f is analytic for R,<|z—Zzo|, we may formally take 
R, = 0. 


The proof is by expressing f(z) +/) in terms of two integrals; 
one is shown to equal )’ a,h" for |h| < R, and the other )'5,h-" 
n=0 n=1 


for |h| > R,. Finding the two integrals is quite straightforward. 
To express each integral as a series is a little more technical, 
but is modelled on the proof of Taylor’s Theorem (as in 
lemma 3.1, Chapter Three of Volume J). We now give the 
details. 

Fix A and choose r,, rz such that Ry <r, <|h|<r,<R,. Let 
C,, be the circular contour z(t) = zo +rne" (0<t<2z) for 
m = 1, 2. Note that z) +h lies between C, and C,. By making 


Figure 7 
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two cross-cuts from C, to C, avoiding the point z)+A, let 
I',, I, be the two closed Jordan contours as in figure 7. 


Then 


f(z) 
————— dz = 0 by Cauchy’s Theorem 
iM Z—(Z9 +h) : 4 


and 


f(z) 
—————~ dz = 2nif(z) +h) by Cauchy’s integral formula. 
sae if (Zo +h) by y g 
Adding these integrals, the contributions along the cross-cuts 
cancel giving 


Ah 6a le. MO 


dz. 
ni C22—Zy—h 2riJc,Z—Zy—h 


f(Zo+h) = 


As in the proof of Taylor’s Theorem? we find that 
Me 5 EN Sane 
aa Ni i ,% = Y anh |hA|<r, 


where 


Pap a Ne «3 

‘: 2Qri rent (z—zy)"*! ' 
But if C is any circle z(t) = z)+re" (0<t<27), Ry <r<R2, by 
making cross-cuts from C, to C in the usual way we find 


fl F(Z) 
ns ta 2ri Cc (z—Zp)"*? wn 
(Note that we do not have a, = ‘hi f''2o) because f may not be 


analytic throughout the interior of i 
Also, since }a,h" converges for |h|<r,<R2, by choosing 


+ Functions of a Complex Variable I, p. 54. 
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r2 as close as we please to R2, we find that }a,h" converges 
for |h| < R3. 
Similarly 


tie AN 
rah Z—Zo— ae 


ee rolls ny coe eee 


e C, Ao ae hr h'(z—Zy— 
= )bh'-B, 
r=1 
where 


ne _2)"" 51) Seer 
b, Pah mil, ene Zo) ‘dz, B, i ni Cs; h"(z—Zy—h) dz 


Now for some constant M we have |f(z)|<M for z on the 
track of C,. Moreover for such z we have |z—z)| = r, and 


Bialhiniiit yh = |h|—r,. Hence 
Mr,” Mr, (rn, \" 
ed I altar a May 
2m |hI"(\A| — * thl—r\ lal 
Since r, <|h|, we have B,—>0 as noo, and so 
ee See nO. 


dz = pit b,h-" for |h| >r,. 


2ri Ci a" 29 —h 


Arguing as for a,, we find b, = Al S(z)(z—2Z9)"~ 1dz where 
mat Sc 


C is the circle z(t) = zy+re* (0<t<2m) for any r in 
R, <r<R,. Also, by choosing r, as close to R; as we please, 
we find the series }'b,h~" converges for |h|> R,. 

n=1 


This completes the proof. 
Remark. By writing b, = a_, for n>1, we can express the 
result in a more symmetric form as 
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. 1 f(z) 
Zoth) = ). a,h" wherea, = —| ———,; &. 
SZo+h) 2 a (z—Zp)"*! . 
The integral formula allows us to show that the Laurent expan- 
sion is unique. That is to say that if we find f(z) = )' c.(z—zo)" 
—2 
by some other method, then c, = a, for all n. 


gk n+ 
First note that (z—zo)" = £ (f =e 


5 ) ind 1): abe 


i (z—Zo)"dz = 0 (n# —1). 


If we recall that C is given by z(t) = zo+re" (0<t<2z), then by 
direct calculation 


1 2n | 
i} a= —, ire’ dt = 2ni. 
o re 


czZ—-Zo 


Hence, assuming term by term integration is justified in the annulus, 
we have 


ie (z—2z9)~™~! Yee zoyt\de 


&.,|t (z—z0)"~"~ dz 
27iC mn: (1) 


This gives 
NY Se f(z) 


fe OR co (z—Z0)"*! oa eo 


The integration in (1) is easily justified. We write 


¥ c(z—z0)"-"} = Pes cs a a We 
Sb """ " (z—-z0)3 (z—Zo)? 
Cm 
2726 


= fi@)+ =" + fil). 


+ FC F Ome he — 20) + «.<) 


We need only show that /;, f2 each have a primitive in the annulus 
and then 
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| , y ex(e— zat" de = [ {sos a0 + ful) de 


—2 
= 0+2zic,,+0 
= 2zic,, as required. 
cO 
But fz) = DY fm+n(2— Zo)" |Z—Zo| < Ro 
and so if F(z) = )"*"(2— 20)" |z—zol < Ro 
n=1 
then Fx2) = f2(z) and F?2 is a primitive for />. 


2] 2) 
For fi, we have f(z) = )’ —"="— = > Cm-nw"*! where 
n=1(Z—Zo) n=1 


w = (z—Zo)~!. This is valid for |z—zo| > Ri, i.e. for |w| <1/R1. If we 
choose 


Giw) = — Y=" Ww Iw <1/Ry 
ay 4 


then oa G(w) = —- y eae 
dw a5 weg ema MN 


Henceif Fi(z) = G((z—zo)-) 


ie) 

Ci 

= — )) ere z0)-" [2-201 > Ri, 
=1 


then $F) = —(z—29)-2G’((z—z0)-!) 


co 
= (z-20)-2 Y Cm_»(Z—Z0)~"*? = f(z), as required. 
n=1 


2. Isolated Singularities 


If fis analytic in 0<|z—2zp|< R we say that zy is an isolated 
singularity of f. For example, if f(z) = 1/z, then the origin is 
an isolated singularity. However if f(z) = Log z in the cut- 
plane, then the origin is not an isolated singularity since every 
annulus 0<|z|<R contains points on the negative real axis 
where Log z is not analytic. 
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By Laurent’s Theorem (with R, = 0 and z = Z)+A), near 
an isolated singularity we may write 


S@= Yasle—z)"+ Y, b,(@—20)" for 0<|z—Zo|<R. 


The series )\b,(z—Zo)~" is called the principal part of f at Zo. 


n=1 
The behaviour of f near z) depends on the nature of the 
principal part and we distinguish three cases. 


CASE l. 
The principal part is zero, i.e. every b, is zero. Here Zp is 
called a removable singularity, for we have 


Sion Y, a,(2—20) Q<|e—z)<R 


and by defining f(zo) = a) we can consider f to be analytic 
at zo. (This is a trivial example of extension to an analytic 
function!) 


EXAMPLE 1(A). f(z) = =e (z#0) 


z? z* (—1)'2”" 
BOR PH GE. UA yey 
31751 + Ont)! 


If Zo is an isolated singularity of f and lim f(z) is finite, then 
Z—>Zo 


Z must be a removable singularity. This is because 
f(z) = ¥4,(z—2Zo)" + ¥5,(Z— 20)" 0<|z—zo|<R 
n=0 n=1 


where 5, = Pa (z—Zo)"~ *f(z)dz, C being the circle centre Zo, 
mi Ic 
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radius r. But jim 1 f(z) i is finite and so in a ‘nares y of Z> 
we have} f(z)|< M for some M. This gives |b,| < Om 1M2nr = 
Mr” and letting r>0, we see that b, = 0 for ka th 


EXAMPLE l1(B). f(z) = oe has a removable singularity at 
the origin, because as z>0, we have 


I a 
OD as ean 


and so f(z)>1. 


CASE 2 


The principal part is a finite series, b,,40 but b, = 0 for 
n> mm. In this case we call zy a pole of order m. A pole of order 
1, 2,3,... is also termed simple, double, triple, . . . respectively. 
For a pole of order m we have 


S(2) = tact 


iz ay" 0<|z—z|<R 


= (z—Z) "g(z) 
where 
g(2) = By +bp-s(2—24) + ».. +54(2—29)"-! + ¥a,(e—2)""* 
is analytic for |z—zp|<R and g(z,) = b,,#0. ul 
This a ah — ina Hes neighbourhood of z, and 
Z—Zo 


Sl oo 


, we see that has a zero of order m at Zp. 


f@) az) f 


Hence as z->z) we have ——->0 and so |f(z)|>+ 0. 


ire dI 
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EXAMPLE 2(A). f(z) = = 0), 
Put z = 1+A, then 
S(z) Sees weal 0s 

~ A(2+h) 

1 

= apt — 3A ah? — wee H(—5)'H" +...) for 0<h| <2 
ee —(— Lt 2pn 
“aren (-—4)""*h"+... 
Thus f has a simple pole at z = 1. 


It is possible to show that a point is a pole of order m 
without actually calculating the Laurent series. If 


f(z) = b,(z—Z) "+ ... +b,(z—Z0)7* 


+ Ya,z—Z)"  O<|z—z|<R 
n=0 


then (z—Zo)"f(z)>b,,#0 as z>Zp. Conversely, if (z— Zo)" f(z) 
tends to a non-zero limit, then, as we have seen, (z—Z,)”" f(z) 
has a removable singularity at z) and so f(z) has a pole of 
order m. (It may also be seen that (z—Z,)"f(z)—0 for n>m 
and (z—Zo)" f(z) does not tend to a finite limit for n<m.) 


2z+4 
EXAMPLE 2(B). f(z) = isan’ i er has a triple pole at the 
2z+4 : 
origin because z? f(z) = Poe He —4 as z—>0. 


CASE 3 


The principal part is an infinite series, i.e. an infinite number 
of the b, are non-zero. Such a singularity is called an isolated 
essential singularity. The behaviour of f near Z is very peculiar. 
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As ZZ, we cannot have |f(z)|>+ 00 because this would 
imply that ‘4 has a pole at Zo. (This follows because | f(z)|-> + 00 


] , ; 
implies - La so ~ has a removable singularity at z) and 


f2) f 
1 


may be considered analytic there. Since lim - = 0, r; 
has a zero of order m for some m>1, and f must have a pole 
of order m.) 

If f(z) does not approach infinity, what happens? In fact 
the behaviour of f is very wild near zp in the sense that in any 
neighbourhood of zo (however small) f takes every complex 
value with perhaps one exception. This is Picard’s Theorem; 
the proof is omitted. 


EXAMPLE 3, exp(1/z) = l+i+ eee Ai shee ca ERO 
2!z n!z" 
In 0<|z|<e (no matter how aes e), exp(1/z) takes on every 
complex value except w = 0. To see this, we require to find 
z such that w = exp(1/z), 0<|z|<e. This is equivalent to 
solving the equations: 


—y 


1 


l 
(a) = Log|w|+i(arg w+2mnk)  (b) iz|? 


gee 
For w#0 and any integer k we can find z from (a), and by 
choosing k very large, we can make 


i = (Log |w|)?+ (arg w+ 2nk)? > : 

Note. If z,, 22, . . . is a sequence of distinct isolated singu- 
larities of f which tends to a limit zo, then zy cannot be an 
isolated singularity of f. This is because every annulus 
0<|z—z|<e contains points of the sequence and at these 
points f is not analytic. In such a case, zo is called an essential 
singularity of f. 
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1 4 
EXAMPLE 4. f(z) = (si()) has an essential singularity 
Zz 


at the origin because -, ~,...,—,... is a sequence of 
7 


Qn’ mm 
singularities of f which tends to zero. 


3. The Point at Infinity 


In the last section we saw that if z) was a pole of f, then 
| f(z)|>+ 0 as z>Zp. It is possible to adjoin a single point at 
infinity (denoted by 00) to the complex plane so that f(z) 
as Z—>Zp. 

Consider a sphere touching the complex plane at the origin 
and let WN (the ‘north pole’) be the point on the sphere dia- 
metrically opposite the point of contact. 


N 


Figure 8 


If P is any point on the sphere distinct from N, then the 
straight line NP meets the plane in a unique point z = x+iy 
and this sets up a correspondence between all the points of 
the sphere except N and all the points of the complex plane. 
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We note that N is omitted in this correspondence and we 
suppose that it corresponds to the symbol oo. The complex 
plane together with oo is called the extended complex plane 
and we see that there is a correspondence between the points 
on the sphere and the points of the extended complex plane. 

We remark that ‘lines of latitude’ on the sphere correspond 
to circles of the form |z| = R in the plane and the ‘polar cap’ 
between a line of latitude and the north pole corresponds to 
the domain |z|>R. As R increases, the corresponding line of 
latitude approaches N. For this reason we define the domain 
|z|> R (together with oo) to be a neighbourhood of o and 
we write w->oo if the real number |w|->+ 00. For example 
if Zp) is a pole of f, then lim f(z) = ©. 


z—Zo 


d 1 
Suppose that f is analytic for |z|>R, then ar (:)) = 


1 ] 1 1 
-21(3) and sof(:) is analytic for |-|> R, i.e. for 0<|z|<—. 
zZ 4 4 z R 


| y ; ; as 
Thus f (;) has an isolated singularity at the origin. We say 
that f(z) has a removable singularity at 00, pole of order 
1 
m at 00, or isolated essential singularity at oo if f (;) has the 


corresponding singularity at the origin. In particular, if fhas a 
removable singularity at oo, we may regard f as being analytic 


at oo and define f(0o) = lim f(z) = lim #(2) ! 
zZ—> 0 z—0 


1 ; : 
EXAMPLE l. f(z) =z~? exr() has a removable singularity 


at oo since f (2) = z%e* (z40) has a removable singularity at 
the origin. 
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: ; Mn 4 
EXAMPLE 2. f(z) = z° hasattriple pole at oo since /(2)=1, 


EXAMPLE 3. f(z) = e* has an isolated essential singularity 


at oo since f (;) = exe(2) 


If z,;, Z2, . . . is a sequence of isolated singularities of f and 
lim z, = 00, then f cannot have an isolated singularity at oo 
nO 


since every domain |z|>R contains points of the sequence 
where fis not analytic. In this case fis said to have an essential 
singularity at oo. 


EXAMPLE 4, f(z) = tan z has an essential singularity at oo 
since (n+4)z is a singularity of f for every integer n. 


4. Cauchy’s Residue Theorem 


If Zp) is an isolated singularity of f, then by Laurent’s 
Theorem we have 


fle) = ¥ a2—z0)' + ¥, b,(@—29)"" O<|z—z9| <R. 


=0 


Also the coefficient 5, is given by 


b, = si (z—Zo)""*f(z)dz 
27i}¢ 


where C is the circle centre zo, radius r, z(t) = z)+re'* 
(0<t<2z). In particular, the case nm = 1 holds a special place 
because 


Ages - | flz)dz. 


The coefficient 5, is called the residue of f at Zo. 
(Note that the importance of 5, is to be expected, for term 
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by term integration gives 


| f(2z)dz = (i y a,(Z— Zp)" + > bem ay)*hde 
Cc C\(n=0 n=1 


=) | (z—2Zo)"dz+)> b, | (Z—Z9) "dz 
c “ 


= b,.2mi. 
d res n+1 
The last line follows because (z—z,)" = a Zo) } 
dz| n+l 


for n#—1, giving f¢(z—zo)"dz =0 (n#—1), whereas 
Jc(z—Zo)~ dz = 2mi by direct calculation.) 

Suppose y is a closed Jordan contour (described anti- 
clockwise) whose track lies in the domain of definition of rg 
and suppose f is analytic everywhere inside y except at the 
isolated singularity Zp. 


By choosing a small circle around Zp, making cuts from y 
to C in the usual fashion, we see that 


x 


Figure 9 


1 ] 
b, = sai S(z)dz = al S(z)dz. 


Hence if we know the residue b, of fat 2, we can calculate 
J, f(z)dz by the formula 


| fle)dz = 2nib, (2) 
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1 : ne 
EXAMPLE. f(z) = ‘ has residue 1 at the origin. Hence if y 


is any closed Jordan contour described anti-clockwise round 


the origin, 
1 
| — dz = 2ni 
2 


This generalizes the case where y is the unit circle which may 
be calculated directly. 


This method of calculating integrals by residues is an 
extremely useful technique. It generalizes to the case of several 
singularities inside y. 


CAUCEY’S RESIDUE THEOREM. Let y be a closed Jordan 
contour described anti-clockwise. Suppose the function f is 
analytic in a domain which includes the track and the 
interior of y except for a finite number of isolated singularities 
Z,;,.+.,Z, in the interior. Then if the residues at z,,..., Z, 
are py,..., Pp, respectively we have 


[fede = 2mi(py +... +p,)- 


Proof. Make cross-cuts dividing the interior of y into n 
domains, each of which contains precisely one singularity. 


Figure 10 
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If [', is the boundary contour (described anti-clockwise) of 
the region containing z,, by (2) we have 


i] 1», S@)dz = 2mip,. 


Adding these integrals, the contributions due to the cross-cuts 
cancel in pairs and we find 


| _S@)dz = Inilpy +... +p,)- 


Note. This is yet another proof which relies on geometric 
intuition because we have not specified precisely how to make 
the cuts. Nevertheless, in any particular case that we meet 
in this text, this would be obvious. 

In Chapter Three we will use Cauchy’s Residue Theorem to 
calculate specific integrals and will give several examples 
there. We now use the theorem to obtain some more general 
results. 


5. Number of Zeros and Poles 


Cauchy’s Residue Theorem may be used to find the number 
of zeros and poles of an analytic function inside a closed 
Jordan contour. For this purpose a zero of order m is counted 
m times and a pole of order n is counted n times. 


THEOREM 5.1. Let y be a closed Jordan contour described 
anti-clockwise. Suppose that fis analytic in a domain which 
includes the track and interior of y except possibly for a finite 
number of poles inside y. If f is non-zero on the track of y, 
then 

Ire 

2ri}, f (2) 
where WN is the number of zeros and P is the number of poles 
inside y. 


dz = N-P 
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Proof. First note that the integral is well-defined because 


7 


J is non-zero on the track of y and sof is analytic there. In fact 


f only has poles where f has a zero or f' (and hence f) has 


i 


a pole. 

If Zp) is a zero of order m, we have f(z) = (z—29)"9(z) 
where g is analytic and non-zero in a neighbourhood of zp. 
Thus 


f'(@) = m(z—29)""1g(2) + (2—20)"g'(2) 
nal __™ 8) 
“°7@) ~ 2%" a2)’ 


But : is analytic in the neighbourhood of zy and so - has 


a simple pole of residue m at Zp. 

Similarly if f has a pole of order n at z,, then f(z) = 
(z—z,)~"A(z) where A is analytic and non-zero in a neighbour- 
hood of z,. Thus 


f'(@) = —n(2—2)-"*h(z) + (2-2) "h'(2) 


fe) _ =n HG) 
i eM 


and 


‘ ’ 


Again - is analytic in a neighbourhood of z, and ‘ has 


a simple pole of residue —n at z,. By adding all the residues 
together, we obtain the required result. 


As a corollary of this theorem, we see that if f is actually 
analytic inside y, then the number of zeros of f inside y is 
1 f@) 
2mi}, f(z) 


ROUCHE’S THEOREM. Suppose that f and g are both 
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analytic in a domain containing the track and interior 
of a closed Jordan contour y (described anti-clockwise). If 
|g(z)| <|f(z)| on the track of y then f and f+g have the same 
number of zeros inside y. 

Proof. Suppose that f has m zeros and f+g has n zeros 
ale f(z) +8(z) 
inside y. Then if F(z) ="-———— 

, we Ke 
and m poles inside y. Also | f(z)|>|g(z)|>0 on the track of y 
showing that F is analytic there. 

We will show 


Me ie a) 
a-m = mal F(z) dz = 0. 


, we see that F has n zeros 


This is done by transforming the integral. 

Write w = F(z), then as z describes the contour y in the 
z-plane, w describes a contour [ in the w-plane. Explicitly, 
if y is given by z(t) = x(t)+i(t) («<t<f), then Tis given by 
w(t) = F(z(t)) («<t<f). 


Hence 
F(z)  F'(2(t)) 
{ 7-7 ton -| Fae? 


But for w on the track of I’, the real part satisfies 
fi _ 

f(z) 
g(z)| 
f@|~ 


Rw = R(F(z)) = x 


-148(£2))>1- 


f(z) 
by hypothesis. 
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Figure 11 


This means that the track of T lies in the half-plane Rw>0 
and so must lie in the cut w-plane (cut along the negative real 
axis). 


1 d 
In the cut-plane we have orgaik (Log w), and by the Funda- 
mental Theorem of Contour Integration round a closed 
1 
contour, | dw = 0. This completes the proof. 
r 


As a consequence of Rouché’s Theorem, we can deduce the 
Fundamental Theorem of Algebra. This states that a polynomial 
equation 

z*+a,2""'+... +a, =0 
has n roots (counted according to multiplicity). 

Take f(z) = z", g(z) = a,z""'+ ...+a,. Let C be the 
circle centre the origin, radius R> 1. On C we have | f(z)| = R" 
and 

|g(z)|<|a,|R"~'+ ... +|a"|<(la,|+ ... +]a,|)R"~?. 
Hence choosing R>|a,|+ ... +]a,|, we have |g(z)|<|f(z)| 
on C. 
But f has precisely one zero of order n (at the origin) inside 
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C and so f+g has n zeros inside C. Thus the polynomial 
equation has n solutions. 

Notice that we have only shown that the polynomial has n 
zeros; we have also given their approximate location, inside 
the circle C. In particular cases we can use Rouché’s Theorem 
to give further information of this kind. 


EXAMPLE. z°—6z?+10 = 0 has all nine zeros between the 
circles {z| = 1 and |z| = 2. 

Consider the circle |z| = 1, g(z) = z°?—6z?, f(z) = 10. 
If |z|=1, then |[g(z)| = |z?—6z?|<|z|?+6|z|? = 7<|f(z)}. 
Since f(z) has no zeros inside |z| = 1, f(z)+g(z) = z?-—6z7+10 
also has no zeros there. 

Similarly on |z| = 2, f(z) = 2°, g(z) = 10—6z?, we have 


|g(z)| < 10+6|z|? = 10+24<2? = | f(z)| 


and since f(z) has a zero of order 9 at the origin, f(z)+2(z) = 
z°—6z? +10 has 9 zeros inside |z| = 2. 


EXERCISES ON CHAPTER TWO 


For each of the isolated singularities in exercises 1-6, calculate the 
Laurent expansion and state what type of singularity is involved: 


1. z5e” atz=0 2. (z22~-a2)-1 at z= a(a>0) 


i/z 
3. z~-!cos(z~1) at z = 0 4. (1 — ze 


5. z-5(2 cos z+z2—2) atz=0 6. {(z—1)(z—2)} -!atz= 1. 
Classify the singularities of the functions given by the formulae in 
exercises 7-11 (a) at the origin, (b) at ©. 


, . ; al 9. zsin(z-1) 10. tan(z~-!) 
z sin2z 1—cos z 
11. ze. 


12. Use Rouché’s Theorem to show that if |a|>e, then az” = e* 
has n solutions inside |z| = 1. 
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CHAPTER THREE 
The Calculus of Residues 


1. Residues 


In this chapter we intend to use Cauchy’s Residue Theorem 
to calculate specific integrals. In order to do this we must be 
able to calculate the residue at an isolated singularity. The 
most direct method is to calculate part of the Laurent series 


Be bs) 


of f at the singularity z) to find the coefficient of peg 
—Zo 


simple cases this calculation may be avoided. 


METHOD 1. 


For a simple pole, the residue of f at zp is lim (z—2Zp) f(z). 
zZ—>Z9 


This is because f(z) = 2 +}\a,(z—Z)" and so b, is the 
—£90 n=0 


given limiting value. 


EXAMPLE]. If f(z) = then the residue of fat zero is 


1—cos 2’ 


lim z 4(42)° 


zo 1—COSZ 249 2 sin*(4z) 


Sometimes we have f(z) = Pz) and f has a pole at Zp 


q(z) 
because g(z) is zero there. 


42 


RESIDUES 


METHOD 2. 


If f(z) = Pl) where p(z,))#0 and Zp is a simple zero of q, 


q(z) 


then the residue of f at zy is ——~ P@o) 


q'(Zo) 
This is because g(zy) = 0 and q‘(Zo) #0, hence 


lim (z—z9)fl2) = lim ple) {a2)—aeo)} _ Pleo) 


zZ—Z0 z—>2Z0 zZ—Zo q ‘(Zo) 


EXAMPLE 2. If f(z) = 


: 1 A 
—4z3 4° 


l . 
saat then the residue of f at z) = 1 


Methods 1, 2 may be generalized for poles of higher order, 
but the calculations sometimes become complicated and then 
the best method is direct calculation from the Laurent series. 
However, generalizing Method 1 for a pole of order m, we 
have: 


METHOD 3. 


If zy is a pole of order m of the function f, then the residue 
of fat Zp is 


es 
arith ag, 7 (@—20)"/O}. 


27 » (M— 1)! 
This is because 
f(z) = by(Z—Zo) +... +O(Z—Z)7* + . a,(zZ—Zo)", 
and so si 
(2—26)"f(z) = byt... +b,(2—z0)"- 2+ ¥a,(z—Z9)"*™ 
This gives ia 
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dm-} 
wei {(z—Zp)"f(z)} = (m—1)!b, +m! ao(z—zp) +... 


and the result follows. 
z+l 


2 
EXAMPLE 3. If f(z) = (4) then the residue at the 


double pole z) = 1 is 
+1 
lim z—1)>( ——) $ = lim @24+2) = 4. 
fee A atm are 


In cases where methods 1-3 are not applicable, or the 
calculations become difficult, we must determine the relevant 
part of the Laurent series. (We only require the coefficient of 
(z—Z,)~*, so the reader who calculates the whole series is 
wasting a great deal of energy!) 


The calculation can often be performed by manipulating 
Taylor Series. We recall that we can add or multiply power 


series ya, (z—2p)", Yb, (z—2,)" term by term in any disc 
=0 
|z— = 2) <R_ where both series converge. In particular the 


product is pig (Z—Z)" where c, = dob, +a,b,-,+ ... +4,Do. 


To calculate 1/f(z) where f(z) = Ya (z—Zo)" for |z— Zo|<R 
and a,)#0, we remark first that 1/) "*(2) certainly has a unique 
power series expansion y'b(e—z,)" i in a small disc centre Zo. 

=0 


(Because f(z)) = a) #0 and by continuity f(z) 40 in |z—zo|<e 
for some «>0. Hence the inverse 1/f(z) is analytic (with 
derivative —f’ @/F@)) in |z— Zo| <e and so has a unique 


Taylor series.f) Since z a,(Z—Zo)" bw b,(z—Zp)" = 1, multi- 


t Functions of a Complex Variable I, p. 55-6. 
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plying out and comparing coefficients we have aoby = 1, 
Aob, +a,bo = 0, ceey Aob,,+ eee +a,bo = 0, Ry 4,940 
and so we can use these equations successively to find bo, 
: 2 
b,,... . For example if f(z) = — = 1-5 + ..., then 
1/f(z) a bo +b,z+6b,27 + eee where 
(1-427 + .. (bo +b,z+b,27+ ...) = 1. 
Hence by = 1, b, = 0, b, = 3,..., implying 
z/sin z = 1+4z?+higher order terms. 

We now calculate a residue which will later prove useful. 

EXAMPLE 4. The residue of z~ cot mz at the origin. 

Replacing z by zz in the series for z/sin z, we find 

nz/sin wz = 1+407z74+ ... 


TZ 


1 
Hence z~ *cot 7z = —; cos mz- 
nZ sin 7z 


1 
= —3(1—4n*2? + .. +gn72? + . . .). 


The coefficient of 1/z is 7(4-4) = —4r, i.e.the residue is — 47. 


2. Integrals of the Form {[3*/(cos 1, sin 1) dt 


If C is the unit circle z(t) = cos t+isin t (0<t<2m) we may 
transform {2* f(cos #, sin #) dt into a contour integral of the 
form {¢g(z) dz and use Cauchy’s Residue Theorem to calculate 
the latter. This is always possible if the function g is analytic 
in a domain including C and its interior except possibly for 
a finite number of isolated singularities inside C. 


Specifically, if z = e" then cos t = 32+), 
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sin t =3,(2—2)ana 2'(t) = ie" = iz. 
2i z 
sh SE | OS 
Let o(z) = oh ee ae 
et g(2) s(a(z+2), sz :) iz” 
thent 
[.g@dz = |" s@@)z'Oat = [5° feos t, sin tat. 
c 0 @ 


Thus [2*f(cos t, sin t)dt = 27i(sum of residues of g at isolated 
singularities inside C). 


2n dt 
EXAMPLE. I = —_——— (a>b>0), 
o a+bcost 
We find I = bee a ne bale 
~ Ieat40(z4+1/z)  iz- 
Om; nea... be 
ide bz*4+2az+b 
me 
i Jc Q(z) 
Since 5 only has poles where g(z) = bz?+2az+b = 0, there 
au + ae a 0 
are simple poles at ae hae . Leta = wee ‘ 
ep ReneS / 2_p2 
pa Sov P) then f=? = 1 and so || |6| = 


Since |«|<|8|, we must have |«|<1, |8|>1, and the only pole 


+ The reader yg also remember this formula by eRe Oh for cos f, 

’ p I\\.:1 1\dz 
sin t and dt = e @ in {™ (cos t, sin f) dt =(ir( (2+2)), ai(2+Z)e 
cf @az, but strictly speaking we have not ole the use of the 


differential dz as a separate entity. 
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] 
of —-~ inside C is a simple pole at « with residue aitks = 
q(z q (2) 
led alkdaflnnapaltalde 
2ba+2a  2,/(a*—b?) * 


deg). "i 2@?=63)~ Ya?—6)" 


3. Integrals of the Form [2 ,, f(x)dx 


Under suitable conditions we have 


J2 S(x)dx = 2mi (sum of residues of f at isolated singularities 
in the upper half-plane). 


To obtain this result, we integrate round the contour composed 
of the semicircle Sp given by z(t) = Re (0<t<2z) and its 
diameter from —R to R. 


SR 


sal R 
Figure 12 


The calculation is possible if: 


(i) fis analytic in a domain which includes the upper half-plane 
(.%z>0) except for a finite number of isolated singularities 
which do not Jie on the real axis. 
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M ‘ he 
(ii) for large R, | JOM< ze when z lies on the semicircle Sp. 
To see this we choose R so large that (ii) is satisfied and also 
all the singularities lie inside the closed contour of figure 12. 
Then we have 


fe S(xdxt fs, f(z)dz = 27i (sum of residues in the upper 
half-plane). 
Now let Roo. Since 


<i k =" 


R 


a S(z)dz\< 


we spade mi f(z)dz = 
Thus 

lim oe S(x)dx = 27i (sum of residues in upper half-plane). 
Ro 


Remark. The symbol [@,, f(x)dx actually incorporates two 
distinct limits, 


{2 f@ddx = tim » f ie f(x)dx+ lim a f *fGddx. (1) 
Since we have only calculated be 3 n f* rJ(x)dx, it is theoretically 


possible for this limit to exist Bet not the individual limits in 


(1). For example, if d(x) = a4 , then 


X?41 
bE (Hdd tog Fy 7): 


Thus we find that [%, ¢(x) = 0 and lim fre o(x)dx = 0, but 
lim f° y ¢(x)dx = —oo, and lim f*¥ ¢(x)dx = +0. In such a 
Y-+0 Xa 
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case, Pasa n f= r9(x)dx is called the Cauchy principal value and 
is dace by Pf2.. d(x)dx. Luckily 4(x) = ay does not 


satisfy condition (ii) and subject to this condition, there is no 
problem with the limits. This is because there is a comparison 
test for infinite integrals analogous to the real case. 

If p(x) is a continuous, positive real-valued function such 
that | f(x)|<p(x) for x>K and in 1 Sk x P(x)dx exists, then 


Jim SE S(x)dx exists. (To prove ‘this, note that |R/(x)|< 
7 fa) <|p(x)| and so lim [X Rf(x)dx exists by the compa: ison 
Xo 

test in the real case; similarly for the imaginary part.) Using 
condition (ii) and comparing |f(x)| with p(x) = a we see 
XM 

x x? 
exists and similarly for lim [*y f(x)dx. Thus [2,, f(x)dx exists. 

Y>oa 


M M M ‘ 
ney tends to KR X->00. Hence lim Skf@)dx 


A suitable function for this type of calculation is any 
N(z) 


rational function D@ where WN, D are polynomials such that 


(i) D(x) #0 when x is real, 
(ii) degree D>2+degree N. 


EXAMPLE 1. | od when a>0, 


7 
wo (x? +4\(x? +b?) ab(a+b) 
b>0, a#¥b. 
The only singularities of the integrand in the upper half- 
plane are simple poles at ia, ib. The residue at ia is 
lim z—ia si 1 
z-sia(Z?+a7)(z?+b7) — 2ia(b*— a”) 
ft W. Ledermann, Integral Calculus, pp. 21, 22. 
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un Sg 1 
and at ib it is dita? —b) ° 
- dx : 1 1 

inane fe (x? +42)(x?+b?) dal os —5 sat —ps) 
_ _m(b-a) 
~ ab(b? —a?) 
nf 7 
~ ab(a+b)* 


As a further refinement, note that we did not require f(z) 
to be real on the real axis. The function e'"* (m>0) is every- 
where analytic and satisfies 


leim=| = |ei™™—™| = le“™| <1 for y>0 (since m>0). 


Hence if f(z) satisfies conditions (i), (ii), then so does e'"*f(z). 


: 1 
EXAMPLE 2. Consider f(z) SS (224.4222 +5) where a> 0, 
b>0, a#¥b. 
The residue of e'"*f(z) at ia is 


a ie Cee 
baer PP +a?\(z?4+b7) — 2ia(b* — a?) 
—mb 


e 
2ib(a?—b?) . Thus we have 


and at ib it is 


i) eims de 4 ° ; ema ‘s e~ mb 
w(x? +a*\(x?4+b2)  ” \ 2ia(b?— a?) 2ib(a?—b?) 


Equating real and imaginary parts, this gives 


sn cos mx ae anne cr 
ow (x? +47 )\(x? +57), oo 1b? -at*v a b 
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9 sin mx 
——_,__,—_- dx = 0. 
Were a rethe 
Notice that if g(x) is an odd function (g(—x) = —g(x)), 
as in the second case, then we must have f°. g(x)dx = 0. 
Also if g(x) is even (g(—x) = g(x)), then f®,, g(x)dx = 
2f% g(x)dx. Thus from example 1, 


ss dx varie 
o (x?+a)(x?+b?) 2ab(a+b) 
and from example 2, 


2] 


cos mx at x or e = 
o (x? +a2\(x24b4) *" ~ 26a ab) 


4. Integrals of the Form {[,, e'"* f(x)dx 


Integrals of this form are substantially covered by the 
conditions of the last section. However we can make a slight 
improvement in condition (ii) below. 

For m>0, we have {@,,e'"* f(x)dx = 2mi (sum of residues 
of e'"*f(z) at isolated singularities in the upper half-plane) 
provided that 


(i) fis analytic in a domain containing the upper half-plane 
except for a finite number of isolated singularities, none 
of which lie on the real axis. 


(ii) for large R, | f(z)| “= when |z| = R, %z>0. 


We may use a semicircular contourt as in the last section 
and prove that fs, e'"*f(z)dz+0 as R->oo. However this 


t This method is used in E. G. Phillips, Functions of a Complex Variable, 
Oliver & Boyd, p. 123. 
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method has a basic drawback: it only calculates 

- R imx 

tn Safe 
and we still have to show that 
~ imx 

JE, em Sada 
exists. This would require a delicate argument. The comparison 
test is of no use because we only have |e'"* fel<y and 
| = dx diverges. 

Kx 


A much better method is to replace the semicircular contour 
by the rectangular contour in figure 13: 


Figure 13 


Initially we choose the rectangle large enough to contain all 


the singularities and such that | f(z)| on, on T',, 13, Tg. If we 


I2| 
show that fr, fr,, fr, tend to zero, then 


lim [%2, e'™* f(x)dx = 2ni (sum of residues of e'"* f(z) 
Xi, X24 


in upper half plane). 
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In particular, allowing X, and X, tend to oo independently, 
we know that [®,, e'"* f(x)dx exists. 


Y Y 
| e'™* {(z)dz| = ‘Naat S(X,+ ididt| < | Pe ll PS 
QT. 0 0 X2 xX, 
os imz M 
and similarly e'™ f(z)dzi<—. 
ba x; 

X2 X2 M 
| e'™ f(z)dz| = -| elm—mY £(t+iY)dt <| e"’ —dt 
T3 —~X; -X1 Y 

e mY 
gS Y M(X, + X2). 


—mY 
For fixed X,, X2, let Y->0o, then 70 and so fp,->0. 
Now let X,, X2->00 then fy, [.,>0, giving the required result. 


+) imx 


EXAMPLE. I = ae dx (a>0, m>0) 


The only singularity of the integrand in the upper half-plane 
is a simple pole at ia with residue 
. (z—ia)ze'™™  iae™ 


lim ——.—.— = —— = =e 
ecle o2oa" 2ia 2 


Hence I = 2z7i.te™™ = nie™™. 


Taking real and imaginary parts 


“i if 
x sin mx ¥ 
ere aN ae 
oe eee a 
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Since the second integrand is even, we have 


© x sin mx A 
| pe a dx = 47e~™* (where a>0, m> 0 in each integral). 


5. Poles on the Real Axis 


The methods of sections 3, 4 may be extended to the case 
where f has poles on the real axis. To accommodate these 
poles, we draw a small semicircle bypassing each of them and 
let the radius of each semicircle tend to zero. For example, 
if f has a pole at the origin, we integrate around one of the 
contours in figure 14. 


Figure 14 


Letting «0 leads to the same problem as letting R->oo 
in the previous sections. If f has a pole at x) where a<x) <b, 
define the Cauchy principal value of f° f(x)dx to be 


Pl” f(x)dx = lim (f° fade + f yon f(x)dx\ 


It may happen that Pf? f(x)dx exists but f° f(x)dx does not. 
1 
1 
For example P|} -—dx = 0. 
bare 
The above method of contour integration gives the Cauchy 


54 


POLES ON THE REAL AXIS 


principal value; we must then discuss the convergence of the 
integral. 


(oe) imx 


examote, | 
Using the second contour of figure 14, we find fr,, fr,, 
Jr,20 and the integral along the real axis converges at 


aoe ‘ ‘ apie 
infinity as in section 4. There are no poles of ae inside the 


contour and so 


€ imx foe) eimx 
| = ax+|** wader |S ~ dz = 0 (1) 


where y, is the opposite contour to z(t) = e* (0<t<z) (i.e. 
y, is the semicircle radius e, described in the clockwise sense). 


imz ni n—1 
e hi 2 ini'z 
But 


] 
= > +8(z) where g is analytic 


n=1 n! 
and hence g(z) is bounded by M, say, in a neighbourhood of 
zero. This gives |{,, g(z)dz|< Mze and so 


imz 


1 
lim dz=lim | ~-dz+lim | g(z)dz 
£0 Jye < &0 Jy. Zz 20 Jr. 


meng 
lim \- Tae ceva +0 
e—0 o &e 


= —In. 


Thus from equation (1) 


>| : dx = in. 


eta (Bg 


Equating real and imaginary parts, 


@ ioe) ; 
cos mx sin mx 
P dx = 0, P ee Ay ee “ar 
x shegrined 
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The first integral only exists as a Cauchy principal value 


cos mx MET | 
because near zero behaves like —. 
C3 
© sin mx } ~* sin mx © sin mx 
But P| dx = lim dx+ dx 
-o Pe e—0 -0 x e 2% 
‘ ” sin mx 
= 2 lim dx. 
20 Je 


Thus asi dx exists and equalst 3: This also implies that 


@ 
sin mx ; 
| dx exists and equals z. 
x 


sin mx 


Note that the value of 
0 
value of m, provided that m is positive. (Compare this result 
with the example of the previous section as a0.) 
Clearly we have 


dx is independent of the 


; (m>0) 
© sin mx 
| dx =({ 0 (m=0) 
a) ee 

=5 (m<0) 


This result is sometimes called Dirichlet’s discontinuous factor. 


6. Integrals using Periodic Functions 


We can use the fact that e” is periodic, satisfying e? = e**?*', 
to calculate certain integrals. We illustrate this with a particular 
case. 


+ By comparing this proof with one avoiding contour integration, the 
reader may see the power and elegance of this method. See W. Ledermann, 
Integral Calculus, p. 22, Example 6; p. 37, Example 5. 
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@ ax 


exams, | (0<a<1). 


7 
x= - 
-~ etl sin 7a 
iz 


Let f(z) = 5 and integrate f around the contour in 
figure 15: 


Figure 15 


Note that 


X2 e™* 
iM f(2dz = | cee (1) 


and since I; is the opposite contour to z(t) = t+2zi 
(— X,<t< X;2), we have 


X2 et(tt 2ni) ‘ X2 e* 
de wi = —p2kai dx (2 
Rc fe eta @ is isn ae 


Since f has only one singularity inside the rectangular 


ani 


contour, a simple pole at wi with residue = —e'™4 we have 


et! 
| oS @)dz+ | > S(@)dz+ f > S@)dz+ { 7» f@)dz = —2nie™, 


Let X,—00, X,->00, then assuming fp,—>0, fp,>0, we have 
from (1), (2) 
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anny |” S Por ni aes —2riei®4 


@ ax sh — 2mie'*@ 
+1 1-e™ 


sin za 
Thus to obtain the required result, it only remains to show that 
Sry Sr,70. But on T’, we have z = X,+it (0<t<27) and so 

| et(X2+ ‘) et%2 et 

If) kA 2+it ng 2t+it 2 

leat yy] — femth yy] Soe] 

(since |e*?*#* + 1|>eX2+#|_1 = e*%?—}), 
aX2 
z)dz|< 

flee < 
and this tends to zero as X,->00 since a<1. 


This gives 20 


On I’, we have z = — X,+it (0<t<27) and so 
let- dads | e 
[f(z)| = Jetty) S nia . 
This gives I. f(z)dz\< ania 2n 


which tends to zero as X,->00 because a>0. 
Thus the value of the infinite integral is proved. 
By substituting t = e*, we find 


S Sips dt 
_o@tl See e + 
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wo 4a-l1 
{ dtm pao Qe, 


o t+l1 sin 7a 


This givest 


7. Summation of Certain Series 


The functions cot 7z, cosec 7z both have poles at 0, +1, 
+2, .. . and so prove useful for summing series. If f is a 
function which is analytic at z = n, then f(z) cosec mz has a 
simple pole there with residue 


uy 
_ Use 


Also f(z) cot 7z = [ f(z) cos 7z] cosec 7z has a simple pole at 

z = n with residue —— we d. 
Let Sy be the one with vertices (V+4)(+1+i) para- 

metrized in the anticlockwise direction as in figure 16. 

The contour Sy is chosen specifically because both cot 2z 
and cosec mz are bounded on Sy. This requires some rather 
cumbersome calculations. First note that on the sides of Sy 
parallel to the real axis z = x+iy where |y|>4, and on the 
other sides, z= n+4+it where n= +N. If z=n+}4+it 
where |y|>4, then 


t cf. W. Ledermann, Integral Calculus, pp. 64-67, where a proof of 
this result is given by real variable methods. It is of necessity very tech- 
nical and this again illustrates the power of the theory of residues in 
those cases where it is applicable. 
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(n+3(4-i) 


(N+4 \(a -i) 


(Nez (4-i) 


Figure 16 


|cosec mz| = (4|e'** — e7 #*#|)-} < (4||e**| —|e~**||)-4 


-1 
= (4/e7” —e”|)~* = (sinh|zy|)"1< (sin 5) A 


e*? 4 om inz 


—_—____ 


COS 7Z 


le'*™*| + Jeo in| 
Also |cot 7z| = = |e'*?|—|e~ i*| 


3 S 
SIN 7Z 


ev"? 4-7? 
ete"? 


= coth|y|<coth “ ‘ 


If z = n+4+it, then 
|cosec wz| = |sin 7z|~* = |cos imt|“! = (cosh|mt|)~! <1, 
and 


|cot 7z| = |tan it| a 
77. = = | 
1+e7? 


SUMMATION OF CERTAIN SERIES 


By Cauchy’s Residue Theorem 
Ss, f(z) cot wz dz 


= 2mi{sum of residues of f(z) cot 7z inside Sy}. 
A ME 
If | f(z)| <i for |z|>R where A, R are positive constants, 


then fs, f(z) cot 7z dz+0 as Noo. This follows because 
|cot 7z| is bounded on Sy i.e. |cot 7z|<M and so 


< MN +4) 


L S(z) cot mz dzi< 


which tends to zero as N->0o. 
, A 
Hence if | fO\<Ta for |z|>R, then as Noo, the sum 


of the residues of f(z) cot 7z inside Sy tends to zero. Using the 
fact that if fis analytic at z = m then f(z) cot wz has residue 


= 


there, this allows us to sum a series involving f(n). 


1 
EXAMPLE. f(z) = 2° 
At an integer n #0, z~*cot mz has a simple pole with residue 
1/(n?). At the origin, as calculated on page 45, z~?cot mz has 
a triple pole with residue —47. Hence the sum of the residues 


of f(z) cot mz inside Sy is 


SIRE G9 VIR Ce 
tenis °° (mile \ 3) ie | Nee 


As N->0, this tends to zero and so 
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A similar calculation with cot 7z replaced by cosec mz gives 


meal ic 


EXERCISES ON CHAPTER THREE 


1. Calculate the residues in the following cases: 
(i) z~3sin2z (z#0), residue at z = 0. 
(ii) exp(1/z) (z#0), residue at z = 0. 
(iii) e«z-*-! (n a positive integer, z#0), residue at z = 0. 
(iv) z2(z2+ a2)-3 (a>0, z# + ia), residue at z = ia. 


(v) 14+224+24)-! (:ex0(") Pe 124: 5) , residue at 


ew mi 
Pi; )- 


2" f 
2. Show that { One a 2m ( 
0 2—cos 6 


5 :) 


3. Show that | fs oa 


raleecttv la west (a>0). (Hint: substitute 
9 a2+sin2r /(1 +a?) 
6 = 21.) 
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10. 


11. 


tz. 


ie @] 
. Evaluate | 
; Evaluate [ 


fo 0] 
. Prove that | 


EXERCISES 


. If Cis the unit circle z(t) = e“' (0<1<2z), calculate by residues 


| e*z~"-! dz where n is a positive integer. Hence show that 
c 


2% f en 
| exp(cos ¢) cos(mt—sin f) dt = * 
0 n! 


2% 

| exp(cos f) sin(mt—sin ¢) dt = 0. 
0 

dx 

o 1+x2+x4° 


© COs mx 
0 x2+a? 


dx (a>0,m>0). 


x2 


Aan NE ead ae (a>0). 
0 (x2+a?2)3 16a3 


. Ifa>b>0, m>O0, prove that 


Lr os Ot denen om 
~ « (x2 + a2)(x2 + b2) Ria 


. Use the rectangle with vertices — X;, X2, X2+7i, —X,+7i to 


sd e™ 7 
show that dx = (-—1<a<1). 
—@ cosh x cos 47a 


cos x m7 sina 
dx =——— (a>0). 
a 


eo 
Prove that P | 

- @ a2—x2 
eo 


—1)-1 
Show that ieee ae = Ea 12, 
n2 12 


n=1 
1 1 
Show that (=; +) cot mz has poles at every integer and at é. 
-z z 
Find the residues at these points when € is not an integer and 
io] 
2 


&2— 2 : 


n=1 


1 
in this case show that 7 cot 7é = F + 
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CHAPTER FOUR 


Analytic Continuation and Riemann Surfaces 


1. Analytic Continuation 


We now return to a topic discussed at the end of Functions 
of a Complex Variable I which will allow us to describe 
‘many-valued functions’ in terms of (single-valued) functions. 
This is of interest when discussing contour integration because 
if fis analytic in a domain D and Zp is a fixed point in D, then 
the integral of f along a contour y from Zp to an arbitrary 
point z in D depends in general on the choice of y and so is 
in a sense ‘many-valued’. 

Recallf that if f and g are analytic functions defined in the 
same domain D and f(z) = g(z) for all z in some non-empty 
open subset of D, then f(z) = g(z) throughout the whole of 
D. It is this constraint on analytic functions, which forces two 
analytic functions to be equal everywhere in their joint domain 
of definition when they are only assumed equal on a small 
part, which leads to the results which we now explain. 

Suppose that f, is defined in a domain D, and f, is defined 
in a domain D, where D, and D, overlap. 

Under these conditions we say that f, is a direct analytic 
continuation of f, from D, to D2. Of course if f, is analytic in 
D, and we are simply given the overlapping domain D,, then 
we cannot be certain that a direct analytic continuation to D, 
exists. However if f, exists, then it is unique, for suppose that 
g is an alternative direct analytic continuation of f, to the 
domain D,, then g(z) = f,(z) = f(z) for every point common 
to D, and D,. But this set of points is a non-empty subset of 


+ Functions of a Complex Variable I, p. 62. 
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D, and is also open. (For if z lies in both D,, D, then since 
D, is open there is an e,-neighbourhood of z lying completely 
in D,. Similarly there is an e,-neighbourhood of z contained 
in D, and if e is the smaller of e,, e, then the e-neighbourhood 
of z lies in the overlap of D, and D, which shows that this 
overlap is open.) Hence g(z) = f,(z) throughout D,. 

The notion of direct analytic continuation is most often 
used when D, contains D,. Here we begin with an analytic 
function f, in D, and try to find an analytic function /, defined 
on the larger domain D, which equals f, on D,. This idea 
of extending the domain on which an analytic function is 
defined was discussed in Functions of a Complex Variable I, 
pages 60-62. 

@o 


EXAMPLE 1. f(z) = )}(—1)"'z"_ |z|<1. 


n=0 
The function (1+z7)~? is defined and analytic for z# +i 
and equals )'(—1)"z?" for |z|<1. Hence (1+z7)~! is a direct 
n=0 
analytic continuation to the domain consisting of all points 
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except +i. Evidently there is no direct analytic continuation 
to the whole plane because (1+z7)~* has poles at +i and so 
cannot be analytic there. 

Sometimes, given an analytic function f defined in a domain 
D, we cannot continue f analytically outside D. In this case 
the boundary of D is called a natural boundary. 


EXAMPLE2. The series f(z) = 1+z+z7+z*+...+27"+... 
is convergent for |z|>1. The unit circle |z| = 1 is a natural 
boundary. If w?”" = 1, then we can show that f(z) does not 
tend to a finite limit as z approaches w from inside the unit 
circle. Let z = rw where 0<r<1, then 


fle) = Ltzt224 0 $242 
= f(z) +fr(z). 


We have lim f,(rw) = 1+w+w?+ ... +w?""" But since 


rl ca) 
w2” = 1, the series f,(rw) = }\r?” is a series of real, positive 


n=m 


m+N m+N 
terms for 0<r<1. Hence f,(rw)>)'r?”. But )'r?"+N+1 and 


n=m n=m 


m+N 
so for some e>0, if 1—e<r<1 then )'r?">4N. This gives 
f,(rw)>4N and since N is arbitrary, f,(rw)>+ 0 as rl. 
Thus f cannot be analytically continued into any domain 
containing w where w?” = 1. But if a domain D, crosses the 
circle |z| = 1, then it includes a segment of the circle. The 


2ni 

roots of z*” = | are exo( =) where q = 1, ... , 2™. These 
are spaced at equal intervals around the unit circle. By choosing 
m large enough, some point w where w*” = 1 lies in the 
segment of the circle inside D,. Thus f cannot be analytically 
continued across |z| = 
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In some cases the process of direct analytic continuation 
may be repeated. Given a function f, defined in a domain D,, 
we may find a direct analytic continuation /, to a domain D, 
where D, and D, overlap. Then we may find a direct analytic 
continuation f; of the function f, to a domain D3 where D, 
and D, overlap. After a finite number of steps we find a direct 
analytic continuation f, of f,_, from D,_, to D,. In this case, 
f, is called an indirect analytic continuation to the domain D, 
of the function f, defined in D,. We refer to both direct and 
indirect analytic continuations simply as ‘analytic continua- 
tions’. Any two analytic continuations of a given function 
are evidently analytic continuations of each other. 

The theory of indirect analytic continuation is much more 
complicated than direct continuation. The main problem is 
that it need no longer be unique. This is because we might 
use a different sequence of domains linking D, to D,. 


For example we might eventually return to the original 
domain and have D, = D,, but find the indirect continuation 
f, different from the original function f,. We define the 
complete analytic function to consist of the original function 
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and all its possible analytic continuations. In the case where 
we have different analytic continuations to some domain, 
the complete analytic function is called multiform, otherwise 
it is called uniform. Examples 1, 2 are uniform. 

If no analytic continuation can be defined at a point Zp, then 
Zp is said to be a singularity of the complete analytic function. 
In example 1, the points z= +i are singularities and in 
example 2 all the points |z|>1 are singularities. 

Note that a multiform complete analytic function is in a 
sense ‘many-valued’, but we have formulated it as a collection 
of (single-valued) functions. Two functions in the collection 
may have different values in the same domain, but they are 
analytic continuations of each other. 


EXAMPLE 3. The logarithm is multiform. For any integer k we 
can define log, z in the cut-plane by 
log, z = log |z|+i (arg z+27k) 


where —7<arg z<z. In particular, for k = 0, we have the 
principal value Log z = logy z. We will show log, is an 
analytic continuation of Log. 


Let D, be the half-plane given by z = re” where r>0, 
(n—2)5< o<—. Note that D,,, = D, for every integer n and 
D,, D; are as in figure 19. 

If z is in D,, write z = re’® where (n-2)" < 0<5 and define 


S,Az) = log r+ié. 
Arguing as for Log z in the cut-plane, f(z) may be seen to be 
analytic in the domain D,,. If z = re” is in D, and D,,,, then 
F(z) = fn41(z) and so f,, , is the direct analytic continuation of 
f, from D, to D,,.,. By induction, f,, is an analytic continuation 
of f, from D, to D,, for any m and n. In particular, in the 
domain D,,4 = D,, we see that f,,,4(z) = f,(z)+27i is an 
analytic continuation of f,(z). The function log, defined in the 


68 


ANALYTIC CONTINUATION 


Z yd Q 
Yfffrnpnyy es sneer 
GW RRR 

—Y D3 KR 


eracererarerateletetes 
RRR RR SQLGEG 
LAE EEEO EN 
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cut-plane coincides in D, with the function f/4,,,. Thus fg,4 
is trivially a direct analytic continuation of log,. If we start with 
Log = log, in the cut-plane, we find a chain of analytic con- 
tinuations, f, in D,, f2 in D2, ..., faye, in Day, = D, and 
finally log, in the cut-plane, showing that log, isan analytic con- 
tinuation of Log in the cut-plane. 


Figure 19 


Note that f, 43 is defined in D, ( the half-planez = re”®,r>0, 


3 
=< 0< ) and D, includes all the points on the negative real 


axis except the origin. Hence the analytic continuation f,,, of 
Log is defined on the negative real axis except the origin. Thus 
the only singularity of the complete analytic function can be at 
the origin. By analytically continuing via a set of domains round 
the origin we obtain different analytic continuations. In general 
a singularity with this property is called a branch point. 


We now consider multiform examples which appear 
naturally in contour integration. 

If f is analytic in a domain D, fix a point zp) in D and con- 
sider the integral of f along a contour y in D from Zp, to an 
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arbitrary point z. We know that if f has a primitive F in D 
(i.e. F’ = f), then the value of this integral is F(z)—F(zo). 
In general such a primitive does not exist. However we may 
subdivide into subcontours y,,..., y, such that each sub- 
contour y, lies in an open disc D, which is itself contained in 
D. (The proof of this in the general case requires a technique 
which we have not developed, but in particular cases its truth 
should be fairly evident.) 


Now in a disc an analytic function doest have a primitive 
which is unique up to an additive constant. Let F, be a primitive 
for fin D, (r= 1,..., n). By definition F,’ = fin D, and 
F.,,;' =fin D,,, and so F,’—F,,,' = 0 in the overlap. But 
the overlap of two circles is a domain and so 


F,,,(z) = F,(z)+constant 


for all z in both D, and D,,,. By adding a suitable constant 
to each of F,, F3,..., F, in turn, we may suppose that 
F.,, = F, in the overlap of D, and D,,, forr = 1, 2,..., 
n—1. This yields an example of analytic continuation. 

+ Functions of a Complex Variable I, p. 47. 


70 


RIEMANN SURFACES 


Let the initial and final points of y, be z,_,, z, then by the 
Fundamental Theorem of Contour Integration, 


| yf dz = F(z,)—F(Z,-1)- (1) 


Since z,_, lies in the overlap of D,_, and D,, we have 
F,-,(Z,-;) = FAz,-,). Adding up the integrals along the 
subcontours and cancelling F,_,(z,_,)—F,(z,-,) forr = 2,..., 
n, we find 


[ f@)dz = Fy(2,)—F,(Z0)- (2) 


Of course if f had a primitive F throughout D then in 
particular F,’ = F’ in D,. Adding a constant if necessary, 
we may suppose that F, = F restricted to D,. By successive 
direct analytic continuations, we then find that F. = F 
restricted to D, for r= 1, ..., and so (2) reduces to the 


Fundamental Theorem { S(z)dz = F(z,)—F(2Zp). 


However, if f has an isolated singularity in D with non-zero 
residue p, then selecting a closed Jordan contour y in D 
winding once anticlockwise round this singularity, we find 


| flz)dz = 2mip. (3) 


Since y is closed, z) = z, and from (2), (3), F,(Z9) = F,(Zo)+ 
2mip. Hence F,, F, are not equal and we have an example ~ 
which is multiform. The isolated singularity of f gives a branch 
point of the complete analytic function found by continuing 
the primitive F,. 


2. Riemann Surfaces 


The notion of analytic continuation explained in the last 
section is quite difficult for the beginner to grasp. In particular 
it is difficult to visualize an overall picture of what is going on. 
This total view of the situation is best described by using the 
idea of a ‘Riemann surface’. We will illustrate this concept by 
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two particular examples, first considering the case of the 
logarithm. 

If z = e”, then all the solutions for w in terms of z (where 
z#0) are given by w = log|z|+i(arg z+27k) where —a<argz 
<7, and k is an integer. Restricting ourselves to the principal 
value given by k = 0 in the cut-plane, we have an analytic 
function and in the last section we saw that we could recover 
all the other values by analytic continuation. Each time we 
pass round the origin in the anti-clockwise direction the value 
of w = log z is increased by 27i. 

We now describe another method of looking at this 
phenomenon by introducing a Riemann surface. It will have 
the advantage that we obtain a single-valued function which 
takes all the values of the logarithm but this function will 
now be defined on the Riemann surface and not on the 
complex plane. 

Consider the complex plane to be covered by an infinite 
number of superimposed transparent sheets (each sheet 
covers the whole plane). From every sheet remove the origin 
and imagine a cut being made along the negative real axis in 
such a way that this axis is considered to be affixed to the upper 
part of the cut. Now smoothly join the negative real axis of 
the upper part of the cut on each sheet to the lower part of the 
cut on the sheet above. If we mark a point on one of the sheets 
and imagine it to move over the cut in the anti-clockwise 
direction then, because of the smooth join, we suppose that 
it moves on to the next sheet above. This means that if the 
superimposed sheets were pulled apart and viewed from the 
side, then the system would look rather like an infinite winding 
staircase. This system of sheets is called the Riemann surface 
of the logarithm. 

Looking at the Riemann surface from above, since the sheets 
are transparent, marking a point on one of them represents a 
non-zero complex number. However, given two real numbers 
r, where r>0 and (2k—1)r< 0<(2k+1)z, then by numbering 


72 


RIEMANN SURFACES 


the sheets in ascending order we can suppose that the pair of 
numbers r, @ gives the point on the k™ sheet which represents 
the complex number re”. Thus the Riemann surface may be 
considered to have the advantage of distinguishing between 
the symbols re'@+?™, k = 0, +1, +2,..., which are equal 
as complex numbers, but lie vertically above one another on 
different sheets of the Riemann surface.t 
Define the logarithm on the Riemann surface by 


log P = log |z|+i(arg z+ 27k) 


where P is the point on the k™* sheet representing the complex 
number z. Alternatively, if z = re“ where r>0, (2k—1)7<0< 
(2k +1), then 


log P = log r+ié. 


Note that the logarithm is a single-valued function on the 
Riemann surface. It is also continuous, in the intuitive sense 
that as a point P tends to Po, then log P tends to log Py (even 
when P moves over the cut from one sheet to the next). 

We can now begin to see what happens when we analytically 
continue some analytic, single-valued choice of the logarithm. 
To do this we just look at the corresponding situation on the 
Riemann surface. 

We first remark that if we are given an analytic function f 
defined in a domain D where f(z) is always a Jogarithm of z, 
then this gives us a rule to choose a ‘domain’ on the Riemann 
surface which corresponds to the domain D in the complex 
plane. This is because f is a choice of logarithm and so the 
imaginary part of f(z) is a particular choice @ for an argument 
of z. For each point z in D we then select the point P on the 
Riemann surface which represents z = re’® on the k™ sheet 
where (2k—1)r<6<(2k+1)z. (This construction does no 

+ This may be considered in three-dimensional space as the surface 


given parametrically by (r cos 0, r sin 0, 6) where r>0. The k™ sheet is 
given by (2k—1)x< @<(2k+ 1)z. 
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more than choose the point P on the appropriate sheet accord- 
ing to the actual value of @ as previously described.) Since f 
is analytic, its imaginary part is continuous i.e. @ depends 
continuously on z and if we imagine z moving continuously 
about in D, the corresponding point P moves continuously 
about in the corresponding ‘domain’. 

Now suppose that we analytically continue f outside the 
domain D. As we move successively from one domain to an 
overlapping one, we imagine the corresponding movement 
on the Riemann surface. If the set of domains used wanders 
round the origin then the corresponding set of domains on the 
Riemann surface passes round the ‘winding staircase’, possibly 
moving up or down to a different level. This possibility of 
arriving at another level gives a clear geometrical picture of 
why we can get different analytic continuations into a given 
domain by choosing alternative routes. The notion of analytic 
continuation described in section 1 is just a ‘flattened version’ 
in the complex plane of what is happening on the Riemann 
surface. 

We can represent other ‘many-valued functions’ as single- 
valued functions on Riemann surfaces. In general, an ‘n-valued 
function’ requires n sheets. We illustrate this by considering z?. 
This requires two sheets each with the origin removed and 
cut along the negative real axis. If z = re’ where r>0, 
—7<6@<z, then choose z* = rte?” on the first sheet and 
zt = riet@+2") — _/tet! on the second. As a point moves 
over the cut in the anti-clockwise direction, it passes from the 
first sheet to the second and after a complete circuit round the 
origin again, when it crosses the cut again, it passes from the 
second sheet back to the first. The Riemann surface is found 
by taking the two sheets in figure 21 and joining together the 
sides of the negative real axis marked ‘+’ and those marked 

This construction can only be performed in an idealized 
situation since it is not possible to physically cut two actual 
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Sheet I Sheet II 


Figure 21 


sheets and glue them together in the manner described without 
unwanted self-intersections. (After glueing ‘+’ to ‘+’, for 
example, it is not possible to fix ‘—’ to ‘—’ without passing 
through the glued sheets.) However by a stretch of the imagina- 
tion using figure 21 it should be possible to visualize the 
idealized concept. This brings us to a fitting point to end the 
discussion as the mind grapples with an idea beyond the 
confines of three dimensional existence. 


EXERCISES ON CHAPTER FOUR 

Find analytic continuations of the following power series: 

oO 
1 >} (-1)"2" |[z/ <1 

n=1 

2) 
ae ial <t, 

n=0 


«oo 
S; >, 3nz°-!  |2| <1. 
n=0 


4. What happens when we look for the analytic continuations of 


¥ (—1)""(z"/n) outside the disc |z| <1? 
n=1 
5. Show that |z| = 1 isa natural boundary for }° z"  |z| <1. 
n=0 
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6. Suppose that y; is a contour from —i to i which does not meet 
the negative real axis or the origin and 2 is a contour from i to 
—i which dces not meet the positive real axis or the origin. Let 
y be the closed contour composed of y; followed by y2. Show that 


| 1/z dz = 2ni. 

Y 

7. For z#0, write z = re!®. Let D be the cut-plane given by r>0, 
—n<6@<7m and let D, be the half-plane (n-2)- <O<n-. By 


successive direct analytic continuations from D to D;, from 
D; to D2, from D2 to D3, from D3 to D4, from D4 to Ds = Di, 
and from D; back to D, show that —z? is an indirect analytic 
continuation of zt in D (where z+ = ret, r>0, —7<6<7). 


Describe the Riemann surfaces for the following ‘many-valued 
functions’: 


8. zt. 9. 24 fora positive integer n. 10. (z—1)7+. 
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Solutions to Exercises 


Chapter One 


a. 


(i) wi(t) = et (—1<r<1), w(t) = e+) (-1<r<1), angle 
between curves is arg w{(0)—arg w,(0) = arg 1 —arg(1+i)=7, 
similarly for (ii), (iii). 4 


. w(t) = t (0<t< 1), w(t) = t"e* (0<t<1). The first has track 


given by y = 0, 0<x<l1, the second is the line segment y = 
x tan na from (0, 0) to (cos na, sin na), These two lines are at 
an angle na, 


. (x2+ y2)+x = 0, circles touching imaginary axis at the origin, 


k(x2+y2)+y = 0, circles touching real axis at the origin. 


5. ax3—3dx2y—3axy2+dy3. f(z) = (a+id)z3+ik, (k real). 
6. (2 + 2i) sin z + (1 + 2/)z? + ik, (k real). 
Chapter Two 
3n-5 
I. z-S42-24 54 i wali +--+ . . « (240) pole of order 5. 
2: 1 1 (—1)"*!(z—a)" 
———~-- + 2... to H+ ew . O8K<[z—- 
ce (day (0 <|z—al| <2a) 
simple pole. 
Sb a (-1)" oe, , 
> 2p ra ee Qnylz2eri * mR (z4#0) essential singularity. 
+ 1 1 I 
4. (1 -zje =] 1+-+—+...+ tee 


1 1 
See seh eee i, 
( 2!z (a + 1)!z” 


Wo Azee 
Ye & Gree 2! 


(z # 0) essential singularity. 
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ee (—1)"2z2*-5 

eat... $e 
12z 6! (2n)! 


6. —(z—1)-1-1-—(z-1)— .. . —(z—1)"— .. . O<|z—-1/ <1) 
simple pole. 


+ ...(z#0) simple pole. 


7. (a) pole of order 3 (since lim z3 A = 7 
z+0 Zsin2z 
(b) essential singularity (since mm is a singularity for every 
integer 7). 


2 
8. (a) simple pole (since lim z .. = lim Pin os 2) 


x0 1—cosz 2.02sin%(4z) _ 


(b) essential singularity (since (2n+4)z is a singularity for every 
integer 7). 


9. (a) isolated essential singularity. (b) pole of order 2. 
10. (a) essential singularity. (b) removable singularity. 
11. (a) pole of order 3. (b) essential singularity. 
12. Use g(z) = e*, f(z) = —az" in Rouché’s Theorem. 


Chapter Three 
: 5 ee .. oi tiles 
i @)  @i. Gp a (iv) rary (v) (—3+i73)-1. 


ee) ge ee 
6 2a 

L Ba | ; | eae 

12. residue of | + -] cot mz at n#0 is [——-+-]/z, at the 
\e~ 2 2 é—n n 
origin it is 1/7é and at € it is cot 7. 

Chapter Four 
1.(1+z)-1 z#-1 2. (1—z3)-1 -z1, e7*#/3, Anis 


3. 32% 1—z3)-2 z#1, e?*#/3, e4ti/3 (hint: differentiate (1—z3) -1) 


4. }(-1)""(z/n) = Log(1+z) |z|<1. Indirect analytic con- 
tinuation gives all the values of the logarithm of 1+z (where 
z#-—1). 
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5. 


10. 


SOLUTIONS TO EXERCISES 


If zy = 1, then lim ys" does not exist by a proof analogous 


zZ—>Zo 
to that for }’z?” given in the text. Any domain crossing !z| = 1 
contains such a point. 


. Log z = log|z|+i arg z (— 7 <arg z<z7) is analytic in the cut- 


plane with the negative real axis including the origin removed. 
f (Los :) = i/z. | 1/zdz = Log i—Log(—i) = zi. Similarly 
Zz v1 


logyz = log|z|+i arg,z (0 <arg,z<2z7) is analytic in the cut- 
plane with the positive real axis and the origin removed. Here 


~“ (lose2) = i1/z . and | 1/zdz = log,(—i)—log,i = zi. 

Iz ¥2 

Hence | 1/z dz = ni+7i = 2zmi. (Remark: Any closed contour 
Y 


y not passing through the origin satisfies fa /z dz = 2nzi where 


n is an integer. The integer 1 is the number of times y winds 
round the origin. Try to visualize this by considering the situa- 
tion on the Riemann surface for the logarithm.) 


. zt = rieti? (-§ <6 <5) in D1, continuation rie*” (0<@ <2) 


in D2, r*e*® (; <<) in D3, rte? (7<@<2n) in Da, 


rietié (F <6 <=) in Ds = D,. Replacing @ by 6+2z, this may 


be re-written as rte?!®t+ix wae 0<— in D,. But rteti9+ix 
= —rtet!® which has continuation —z* = —rtet® (—21<0<7) 
in D. 

9. Take n sheets cut along the negative real axis and join the 


upper part of the cut on sheet r to the lower part of the cut on 
sheet r+1 for r = 1, 2,...,m—1 and join the upper part on 
sheet 1 to the lower part on sheet 1. 

As for the Riemann surface of z+ but with the cut on each sheet 
along the negative real axis through the origin as far as z = 1. 
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